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Abstract. We consider the energy-critical non- linear focusing wave equation in dimension 
A'^ = 3,4,5. An explicit stationnary solution, W, of this equation is known. In [KM06b) , the 
energy E{W, 0) has been shown to be a threshold for the dynamical behavior of solutions of 
the equation. In the present article we study the dynamics at the critical level E{uo,ui) = 
E{W, 0) and classify the corresponding solutions. We show in particular the existence of two 
special solutions, connecting different behaviors for negative and positive times. Our results are 
analoguous to [DM07] . which treats the energy-critical non-linear focusing radial Schrodinger 
equation, but without any radial assumption on the data. We also refine the understanding of 
the dynamical behavior of the special solutions. 



1. Introduction and main results 
We consider the focusing energy-critical wave equation on an interval / (0 G I) 

:)2„, A„. wlo „. n ^-^ ^\ T laN 



(1.1) 



dfu- Au-\u\n-2u = 0, {t,x) € I X 
uit=o = uq £ H^, dtu<^t=Q = ui £ L^. 



where u is real- valued, G {3, 4, 5}, and := i7^(M^). The theory of the Cauchy problem for 
(fTTIl was developped in many papers (see |Pec84l IGSV921 [LS951 IHSM ISSMl [SogOSj |Kap94| ). 
Namely, if {uq,ui) G H"^ x L^, there exists an unique solution defined on a maximal interval 
I = {—T^{u),T^{u)) and the energy 

E{uit),dtuit)) = ^ j \dtu{t,x)\^dx + ]^ j \Vu{t,x)\^dx - ^\u{t,x)f dx 



is constant (2* := is the critical exponent for the ff^-Sobolev embedding in 

An explicit solution of (jl.ip is the stationnary solution in (but in L? only if > 5) 

(1.2) W := 



1 + 



N{N-2) 



JV-2 ■ 
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The works of Aubin and Talenti |Aub761 ITal76j , give the following elliptic characterization of 



W (throughout the paper we denote by || • ||p the norm on R ) 
(1.3) yueH\ ||n||2. < Cjv||Vn||2 



X + Xq 



(1.4) \\u\\2.=CN\\Vu\\2^3Xo>0,XoeW\6oe{-l,+l} u{x) = (^_2)/2 ^( X 

Ag 

where Cat is the best Sobolev constant in dimension A^. 

The dynamical behavior of some solutions of (jl.ip was recently described in [SK05j , [SKTOTj 
(in the radial three-dimensional case) and [KM06b) . In [KMOGbj , Kenig and Merle has shown 
the important role of W, whose energy E(W, 0) = -r^hw is an energy threshold for the dynamics 

in the following sense. Let u be a solution of (jl.l|) . not necessarily radial, such that 

(1.5) E{uo,ui) <E{W,0). 
Then 

• if llV-uolb < IIVVFIU, we have / = R and ||u|| 2{]v+i) < oo, which implies from the linear 

r N--2 

theory of (jl.ip that the solution scatters; 

• if llVuolli > ||VVF||i then r+ < oo and r_ < oo. 

Our goal (as is [DM07] for the nonlinear Schrodinger equation in the radial case) is to give a 
classification of solutions of (jl.ip . not necessarily radial, with critical energy, that is with initial 
condition {uo,ui) G x such that 

E{uo,ui) = EiW,0). 

The stationnary solution W belongs to this energy level, is globally defined and does not scatter. 
Another example of special solutions is given by the following. 

Theorem 1 (Connecting orbits). Let N £ {3,4,5}. There exist radial solutions and 
of (jl.lj) . with initial conditions {W^ jW^"^ G x such that 

(1.6) E{W,0) = E{W+,W^) = E{Wo-,W^), 

(1.7) T+iW') = T+{W+) = +00 and lim W"=^(t) = W in , 

t— >+oo 

(1.8) IIVVF^IL < ||VVF||2, T^{W-) = +oo, \\W-\\ 2(N+i) <oo, 

L ^-2 ((-oo,0)xF"" 



(1.9) IIVVF+II2 > llVT^IIs, r_(T^+)<+oo. 

Remark 1.1. Our construction gives a precise asymptotic development of near t = +00. 
Indeed there exists an eigenvalue eg > of the linearized operator near W, such that, if 3^ G 
5(M^) is the corresponding eigenfunction with the appropriate normalization, 

(1.10) ||V {W^{t) -W± e-^^^y) 11^2 + ll^t {W^{t) -W± e~^°^y) 11^2 < C7e-2^«*. 
We refer to ()6.ip and ()6.9p for the development at all orders in e~^°*. 



Remark 1.2. Similar solutions were constructed for NLS in [DM07]. However, in the NLS case, 
we were not able to prove that T_(Vr+) < 00 except in the case N = 5. We see this fact, in 
particular in the case A = 3, as a nontrivial result. Note that is not in except for A = 5, 
so that case (jcj) of Theorem [2] below does not apply. 
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Our next result is that W, W and are, up to the symmetry of the equation, the only 
examples of new behavior at the critical level. 

Theorem 2 (Dynamical classification at the critical level). Let N £ {3,4,5}. Let {uo,ui) G 
X such that 

(1-11) E{uo,ui) = EiW,0) = j^. 

Let u he the solution of (jl.ip with initial conditions {uo,ui) and I its maximal interval of 
definition. Then the following holds: 

(a) // / |Vtio|^ < / IVW^P = — |y then / = M. Furthermore, either u = W~ up to the 
symmetry of the equation, or \\u\\ 2{n+i) < oo. 

r JV-2 

(b) // / I VuoP = / \VW\^ then n = W up to the symmetry of the equat^on. 

(c) // J |Vno|^ > J |VVFp, and uq G L^ then either u = up to the symmetry of the 
equation, or I is finite. 

The constant Cn is defined in ()1.3p . In the theorem, by u equals v up to the symmetry of the 
equation, we mean that there exists to S M, S M^, Aq > 0, 6o, 6i G {—1, +1} such that 

, , (5o /to + 6it x + xq-' 

u(t,x) 



^{N-2)/2 V Ao ' Ao 

Remark 1.3. Case (jb]) is a direct consequence of the variational characterization of W given 
by (jl.4p . Furthermore, using assumption (II. lip , it shows (by continuity of u in and the 

conservation of energy) that the assumptions J |Vu(to)P < J |VM^|^, J |Vii(to)P > J {VWl"^ 

do not depend on the choice of the initial time to- Of course, this dichotomy does not persist 
when E{uo,ui) > E{W,0). 

Remark 1.4. Theorem [2] is also the analoguous, for the wave equation, of Theorem 2 of (DM07j 
for NLS, but without any radial assumption. The nonradial situation carries various problems 
partially solved in [KM06bj . the major difficulty being a sharp control in time of the space local- 
ization of the energy. We conjecture that the NLS result also holds in the nonradial situation. 
Note that case ((a| implies {W being radial) that any solution of (jl.ip satisfying (|l.lip and whose 
initial condition is not radial up to a space-translation must scatter if J |VtioP < / |VT^p. 

Remark 1.5. In dimension = 3 or = 4, is not in L^, and case (jcj) means that any 
critical-energy solution such that / |VmoP > / |VVFp and uq € L^ blows-up for t < and t > 0. 
It seems a delicate problem to get rid of the assumption uq £ L'^. 

Remark 1.6. As a corollary, in dimension A^ = 5, a dynamical characterization of W is obtained. 
It is, up to the symmetry of the equation, the only L^-solution such that E{uo,ui) < E{W,0) 
that does not explode and does not scatter neither for positive nor negative time. 

The paper is organized as follows. In Section [2] we recall previous results on the Cauchy 
Problem for (jl.ip and give preliminary properties of solutions of (jl.ip at the energy threshold 
such that J|VuoP < /|VW^p and which do not scatter for positive times. These properties 
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mainly follow from jKMOGbj . In Section [3l we show that these solutions converge exponentially 
to W as t ^ +00, which is the first step of the proof of Theorem [2] in case (jaj). In Section [H 
we show the same result for energy-threshold solutions such that J |VuoP > / |Viyp, uq £ 
and that are globally defined for positive time. In Section [5l we study the linearized equation 
around the solution W. Both theorems are proven in Section [6l The main tool of the proofs is 
a fixed point giving the existence of the special solutions and, by the uniqueness property, the 
rigidity result in Theorem [2j 

2. Preliminaries of subcritical threshold solutions 

2.1. Quick review on the Cauchy problem. We recall some results on the Cauchy Problem 
for (II. ip . We refer to [KM06bl Section 2], for a complete overview. If / is an interval, write 



(2.1) 
(2.2) 



2(iV+l) 

S{I) := L^^{I X 



2(iV+l) 

N{I) := L~^^{I X 



N\ 



m\s(i) + \\^x~u\\ 2(iv+i) 

L ^-1 (/X 



N+3 



U\\ 2(JV+1) 

L (/X 



We first consider the free wave equation: 

(2.3) d^u-Au = f, te{0,T) 

(2.4) uit=o = Uq, dtU\t=o = ni, 

where f G iV(0,r), uq G ui G L^. The solution of <^^, is given by 



, . , sin {t^J —A) 

u[t, X) = cos (tv — A)no H ; — — — ui + 



sin {{t - s)\/^) 

7^^ 



fis)ds. 



Then we have the following Strichartz estimates (see |GV95t ILS95j ) . 

Proposition 2.1. Let u and f be as above. Then u G C^{<d,T]H^) and dtu G C°{0,T;L^) 
Furthermore, for a constant C > independent of T G [0, cxd] 

(2.5) ||n||^(o,T) + sup ||Vn(t)||2 + \\dMt)\\2 < C (\\Vuoh + ll^^ilb + WDl^^fWmoT) 
ie[o,r] ^ ^ ' ' 

1 /2 

Furthermore, if Dx f £ N{T, -\-oo), 



(2.6) Vt > 0, 




sin {{t - s)^/^A) 

7^ 



+ 




sm 




fis)ds 



< C\\Dl/'f\\ 



N{T,+c<y)- 



A solution of (jl.ip on an interval I 9 is a function u G C^{I, n) such that dtu G C^{I, H^) 
and M G S'( J) for all interval J I and 

cos (t\/— A) Uq 



u(t, x) 



sm 



Ul + 



^ ^1^(8)1 ^^-2^(5)^5. 



-A 



Proposition 2.2. fsee \FecM\ r(^SV92[ ISS94] ) 

(a) Existence. If uq ^ H^, ui G L^, there exists an interval I B and a solution u of (jl.ip 
on I with initial conditions (no,ui). 
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(b) Uniqueness. If u and u are solutions of (jl.ip on an interval I 3 such that u(0) = u{0) 
and dtu{0) = dtu{0), then u = u on I. 

According to Proposition 12.21 if {uq,ui) G x L^, there exists a maximal open interval of 
definition for the solution u of (jl.ip . that we will denote by (— T_(u), T+(m)). The following 
holds 

Proposition 2.3. 

(a) Finite blow-up criterion. //T-f := T-^ (u) < oo then 

\\u\\s{o,T+) = OO. 

A similar result holds for negative times. 

(b) Continuity. Let u be a solution of (II. Ih on an interval I with initial condition {uq,ui) £ 

X L^. If [u^) is a sequence of solution of (jl.ip with initial conditions 

{uq,u\) — > {uo,ui) in X L'^ 

fc— >+oo 

and J (S {—T^,T^), then for large k, J C (— T_(m^),T4_(u'^)), and 

{u^,dtu^) — > {u,dtu) inC^{J,H^)xC'^{J,L'^), — > u in S{J). 

k—*+oo fe— ++00 

(c) Scattering. If u is a solution of (jl.ip such that T^{u) = oo and ||u||5(o,cx)) < oo, then u 
scatters. 

(d) Finite speed of propagation, (see |KM06bj Lemma 2.17]) There exist eq, Cq > 0, de- 
pending only on ||Vno||2 and ||mi||2j such that if there exist M, e > satisfying e < Eq 
and Jj^.|>jv^ l^^xUol + j^pkoP + koP* + l^^iP < then, 

Vt G [0,T+(n)), / \Vu{t,x)\'^ + -^\u{t,x)\^ + \u\^'' + \dtu{t,x)\^dx <Coe. 

J\x\>^M+t kl 

2.2. Properties of subcritical threshold solutions. We are now interested in solutions of 
(jl.ip with maximal interval of definition (r_ , T+ ) and such that 

(2.7) E{uo,ui)=E{W,0), llVnolb < IIVPFII2 

(2-8) ll'"lls(o,r+) = 00. 

We start with the following claim (see |KM06bl Theorem 3.5]). 

Claim 2.4 (Energy Trapping). Let u be a solution of (jl.ip satisfying (j2.7p . Then for all t in 
the interval of existence {—T-,T+) of u. 

(2.9) \\'^u{t)\\l + ^\\dtu\\l<\\VW\\l 

Proof. Recall the following property which follows from a convexity argument 

(2.10) yv€H\ \\Vv\\l<\\VWgandE{v,0) < E{W,0) ^ < ^j^^^. 
\ J , II 112 _ II 112 y, J- y , J ||^^||2 _ ^^^^Q^ 

(See |DM07j Claim 2.6]). Let u be as in the claim. Note that by remark O ||V'u(t)||2 < 
||VVF||2 for all t in the domain of existence of u. Now, according to (j2.10p and the fact that 
E{u{t),dtuit)) = E{W,0), 

\\Vuit)\\l ^ E{u,dtu) - ^\\dtu{t)\\l _ E{W,0) - ^\\dtu{t)\\l 



VW\\i - E{W,0) E{W,0) 
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which yields i^Mj, recalling that NE{W, 0) = || VVF |||. □ 

We recall now some key results from jKMOGbj . In their work, these results are shown for a 
critical element u, where assumptions ()2.7p are replaced by E{uo,ui) < E(W,0), and ||Vuo||2 < 
||VH^||2. Rather than recalling the proofs which are long and far from being trivial, we will 
briefly explain how they adapt in our case. If {f,g) is in x L^, we write 

Lemma 2.5. Let u be a solution of (jl.ip satistisfying ()2.7p and (j2.8p . Then there exist contin- 
uous functions oft, {X{t), x{t)) such that 

K:={{uit),dMt)),^t)Mtrte[0,T+)} 

has compact closure in x . 

The proof of Lemma 12. 5^ which corresponds to Proposition 4.2 in [KM 06b] . is very close 
to the proof of Proposition 4.1 in |KM06a] and of Proposition 2.1 in |DM07| . The two main 
ingredients are the fact, proven in |KM06b| that a solution of ([□]) such that E{uo, ui) < E{W, 0) 
and ||Vtio||2 < ||VW^||2 is globally defined and scatters, a Lemma of concentration-compactness 
for solution to the linear wave equation due to Bahouri and Gerard |BG99] . and variational 
estimates as in Claim \2M 

Proposition 2.6 ( [KM06bj ). Let u be a solution of (11. 1[) satisfying (12. 7p and (j2.8p . Assume 
that there exist functions {\{t), x{t)) such that 

K:={{uit),dMt)),^tUitrtG[0,T+)} 

has compact closure in . . . x L^ and that one of the following holds 

(a) T+ < oo, or 

(b) T+ = +CXD and there exists Aq > such that E [0, +oo), A(t) > Aq. 
Then / uiVuo = 0. 



Proof. If infig(_2-_ j-^) I|f^t''^(^)|l2 = 0) then, using that ||Vu(t)||2 is bounded, and that / dtuVu{t) 
is conserved, we get immediately that J uiVuo = 0. Thus we may assume 

(2.11) 35o>0, vtG(-r_,r+), \\Vu{t)\\l<\\VW\\l-5o. 

In this case, the proof is the same as in |KM06bl Propositions 4.10 and 4.11] which is shown 
under assumption (12. 8p and 

(2.12) llVuolb < ||Viy||2, E{uQ,ui) <E{W,{)). 

This implies by variational estimates (j2.1ip . which is what is really needed in the proof of the 
proposition. □ 

Proposition 2.7 ( |KM06b| ). Let u be a solution of (jl.ip satisfying ()2.7p and (|2.8p . Assume 



(2.13) / uiVuQ = 0. 

Then T+ = oo. 
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This result is proven in |KM06b[ Section 6] under the assumptions (j2.8p and (j2.12p . but 
assumption (j2.12p is only used to show that ||Vtt(i)||2 is bounded, which is, in our case, a 
consequence of (|2.7p (see fKM06b| Remark 6.14]). 

As a consequence of Proposition [2T6l and [2771 we have, following again [KMOGbj : 

Proposition 2.8. Let u be a solution of (jl.ip satisfying (12. 7p and (j2.8p . Let \{t), x{t) given 
by Lemm.a \2.5[ Then 

(a) T+ = cxo. 

(b) lim tX{t) = +00. 

>+oo 

(c) / niVno = 0. 

(d) hm ^=0. 

t^+oo t 

Corollary 2.9. Let u be a solution of (jl.ip with maximal interval of definition {—T_,T^) and 
such that E{uo,ui) < E{W,0) and ||Vno||2 < ||VVF||2. Then 

T+=T_ = +00. 

Proof of Corollarv \2M It is a consequence of (jaj). Indeed, if UVuolb = ||Viy||2, then by Claim 
[231 til = 0. Furthemoreby (I2T0I1 . E{W,{)) = E{uo,0) = E{uo,ui). Thus ||uo||2* = lll^lb*, and, 
by the characterization (jl.4p of W, uq = ±Wao,xo some parameters Ao,xo. By uniqueness in 
(jl.ip . u is one of the stationnary solutions ±Wao,xoi which are globally defined. 

Let us assume now ||Vtio||2 < ||Viy||2. Then if E{uo,ui) < E{W,0), we are in the setting of 
|KM06b[ Theorem 1.1], which asserts than T^ = T^ = +oo. On the other hand, if E{uo,ui) = 
E{W,0), then if ||it||s'(o,T+) < we know by the finite blow-up criterion of Proposition 12.31 
that = oo, and if ||u||s'{o,t+) = c«, then by ((aj), r+ = oo. The same argument for negative 
times shows that T_ = oo. □ 

Proof of Proposition \2.8[ Proof of (jaj) . Let u be as in Lemma 12.51 By Proposition 12. 6j if 
T-^- < oo, then J uiVuq = 0, but then by Proposition 12. 7j = oo which is a contradiction. 
Thus r+ = oo, which shows 

Proof of (jbj). Assume that (jb]) does not hold. Then there exists a sequence tn — > +oo such that 

(2.14) lim tnX{tn) = To G [0,+oo). 

Consider 

1/5 y 

(2.15) VJn{s, y) = j^U tn + —T-^,x{tn) + 



(2.16) Wnoiy) = WniO^y), Wni{y) = dsWniO,y). 

By the compactnees of K, {wno,Wni)n converges (up to the extraction of a subsequence) in 
X L^. Let {wo,wi) be its limit, and w be the solution of (jl.ip with initial condition {vuq, wi). 
Note that E{wo,wi) = E{W,0) and \\Vwo\\2 < ||VW^||2. Thus by Corollary [IJ] 

T^{wo,wi) = 00. 
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Furthermore, as —tnX{tn) — tq, and by the continuity of the Cauchy Problem for (jl.ip ((|b|) 
in Proposition I2.3p . 



^ N-2 ^0 {x{tn) + ^-7—:] = Wn{-tnX{tn),y) > w{-To,y) in 

Ui (x{tn) + -TTT-:] = dsWn{-tnHtn),y) > dsW{-To) in L^. 



Since A(tn) tends to 0, we obtain that w{—tq) = and dsw{—TQ) = 0, which contradicts the 
equahty E{wo,wi) = E{W,Qi). The proof of (jb]) is complete. 

Proof of (jcj). According to (jaj), = cxd. By Proposition 12.71 ((cj) holds unless 

(2.17) liminf Aft) = 0. 

Let us show (jcj) in this case. We will use the same argument as in the proof of Theorem 7.1 in 
|KM06bj . Let us sketch it. Consider (tn)n such that 

(2.18) tn — ^+00, \{tn) — ^ 0, and Vt G [0, t^), A(t) > A(tn). 

Define Wn-, Wno and Wni by (|2.15|) and (j2.16p . and consider (wq^wi) G x such that 

(2.19) lim {wno,Wni)n = iwo,wi) in X L'^, 



and w the solution of (jl.ip with initial conditions {wq,wi). 

By Corollary 12. 9j T-{w) = oo. By (j2.8p and ([b]) in Proposition 

(2-20) IkllsC-oo.o) = 

Now, fix s < 0, and consider 



AUn + 



An(s) = V ... ^f"''^ , a;„(s) = A(t„) 



x[tn + ) - x(t^ 



By (jbj), tnA(tn) — > +00, and thus for large n, < tn + x{t ) — Hence by (I2.18p . 

(2.21) 3no(s), Vn > no(s), A„(s) > 1. 
Now, for t = t{n, s) := tn + 

(2.22) Vno{s,y) := ^^^v^r^n ( S,Xn{s) + ] = \^u(t,x{t)+ ^ 



A„(s)— V ^n{s)J X{t)— V A(t)y 

(2.23) Vni{s,y) := ,^—^—j^{dsWn) i s,Xn{s) + ^^^] = — ^-^{dtu) (t,x{t) + ^ 



A„(s)T V ^-(^)/ A(t)T V A(t), 

which shows that {vnQ{s).,Vni{s)) E K. In view of (|2.19p and the continuity property (jbj) in 
Proposition 12.31 {wn{s) , dgWnis)) converges in x L^. By the compactness of K and (I2.21|) 
this shows that there exists A(s) G [1, +oo), x{s) G such that for some subsequences, 



lim A„(s)) = A(s), lim Xn{s)) = x{s) 

n— ++00 n— >+oo 
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and 

I ~, \-2 W [s,x{s) + ^] ,::^-^{dsW) I S,x{s) + ^] ) G K. 

\x{s)— V ^(*)/ Ks)^ \ Ks)J) 

Thus w fullfills all the assumptions of Proposition !^^ case (jb]), which shows that j wiVwq = 
0. By (j2.19p and the conservation of / dtu{t)Vu{t) 

j UiVuq = j dtu{tn)Vu{tn) = J WnlVWnO ^"^^ j WiVwq = 0. 

The proof of (jcj) is complete. 
Proof of ^. 

We follow the lines of the proof of Lemma 5.5 in |KM06bj . Assume that (jd]) does not hold, 
and consider tn +oo such that 

_ u 

In particular, x{t) is not bounded. We may assume that x(0) = 0, A(0) = 1 and that x and A 
are continuous. For R > 0, let 

to{R) := inf {t > 0, \x{t)\ > R} e [0, +oo). 

Thus toiR) is well defined, to{R) > 0, \x{t)\ < for < t < to{R) and \x{to{R))\ = R. As a 
consequence, if Rn ■= |x(t„)|, then t„ > to{Rn), which implies 

^ ^ to{Rn) ~ 

Let 

111 1 

(2.25) e(u) := -IStuP + -iVnP luP*, r(u) := Idtul'^ + iVnP + r-Trlup + InP*. 

2 2 2* 

By compactness of -fC, we know that for each e > 0, there exists Ro{s) such that 



(2.26) Vt > 0, / r{u)dx < e. 

J\(t)\x-x{t)\>Ro{e) 



Let (p G Cq°(M ) be radial, nonincreasing and such that f{x) = 1 for |x| < 1 and (p{x) = if 
|x| > 2. Let iPr{x) := x(f{^). Let e > 0, to be chosen later independently of n and 

~ ^O(^) , I ^| ^O(^) I p 

■- T-^ TTTT + \X[tn)\ - 7777 + Rn 

initg[o,to(R„)] A(fj inttg[o,io(iJn)] ^l*) 

-^R (i) := y (2;)e(n)(t, rE)dx. 

Note that 

(2.27) < t < to{Rn), \x\ >Rn^ X{t)\x - x{t)\ > X{t){Rn - Rn) > -Ro(e). 
Step 1. Bound on z'~ (t). Let us show 

(2.28) 3Ci > 0, Vn, 0<t< to(-Rn) =^ \z~ (t)| < Cie. 



10 
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Indeed by explicit calculation and equation (jl.ip (see jKM06bl Lemma 5.3]), we get recalling 
that by (|cj) and the conservation of the moment f dtu{t)Vu{t) = f uiVuq = 



(2.29) 



dtvSJu + O \ I _ r{u)dx \ = O \ i _ r{u)dx 

'\x\>Rn J \J\x\>Rn , 



Estimate (|2:28]) then follows from and (f2:27l) 

Step 2. Bounds on (0) and z-j^ {tQ^Rn))- We next show 



(2.30) 
(2.31) 



|zjjJO)| < 2eRn + MRo{e) 



Rn{E{W)-e)-2Rne-M- 



Roie) 



< |ZB {toiRn))\, 



where M := supf>o / r{u){t,x)dx < C||VH^||2 by Claim [2^ We have. 



= / ^ / i^R„eiu)dx. 

\x\>Ro{e) J\x\<Ro{e) 



Recall that |V'i^„(x)| < |x| < 2i2„. According to ^^26\i (using that x(0) = and A(0) = 1), the 
first term is bounded by 2Rn£. The second term is bounded by Rq{£) j r{u)dx, which yields 

Write, for t G [0,to(-Rn)] 



(2.32) 



'r (t) = I 

' Jm\x 



{t)\x-x{t)\>Ro{e) 



ipj^ e{u)dx + 



\{t)\x-x{t)\<R(,{e) 



tpj^ e{u)dx 



Using again (|2.26|) . we get fm)\x~x{t)\>Ro{e)'^R ^i'^)'^^ ^ 2i?„e. According to (|2.27p and the 
definition of V'r , if A(t)|x — x{t)\ < Roie), then |x| < i?„ which implies ip^ (x) = x. Thus the 
second term of ()2.32p is 



(2.33) / xe{u)dx 

J X(t)\x-x{t)\<Ro{e) 



\{t)\x-x{t)\<R.o{e) 



".{t)e{u)dx + f 
Jx 



(x — x{t))e{u)dx. 



\{t)\x-x{t)\<RQ{£) 



The second term in the right-hand side of (j2.33p is bounded by -^^^ / r(u){t, x)dx. On the 



other hand 



/ x{t)e{u)dx = x{t)E{W) - / x{t)e{u)dx 

Jx{t)\x-x(t)\<Ro{e) J X{t)\x-x{t)\>Ro{e) 



and thus by (|2:26]) 



(2.34) 



X{t)\x-x{t)\<Ro{e) 



x{t)e{u)dx 



> \x{t)\{E{W) - e). 



Combining OTSHD and dOi]) with t = to(^n) we get (fOT]) . 
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Step 3. Conclusion of the proof of ([d]) . According to the two precedent steps 

2Mi?o(e) 



CietoiRn) > Rn{E{W) - e) - AR^e 



A(to(fin)) 



(2.35) Cie>^^{E{W)-e)-A^^e-M- 



to{Rn) to{Rn) to{Rn)\{to{Rn)) 

As a consequence of (jbj) 

tQ{Rn)X{to{Rn)) ^ as n ^ oo. 

Furthermore ^ = + • Again by ©, to(i?n) mfie[o,io(i?.)] A(*) tends 

to +00. Thus _ 

Rn R 

+ o(lj, n — > oo. 



to{Rn) to{R, 
Together with ([2:2i|) and (I235I1 . we get 

Cie > -^(S(W^) - 5e) + 0(1) > eo{E{W) - 5e) + o(l), n ^ cx,. 

Chosing £ small enoug h, sothatCie < fE{W) and E{W)-5e > ^E{W) we get a contradiction. 

□ 

3. Convergence to W in the subcritical case 

The aim of this section is to prove the following result in the subcritical situation (||Vno||2 < 
IIVVFII2), which is the nonradial version of the result of |DM07t Proposition 3.1] in the NLS 
radial setting. The main difficulty here compared to |DM07| and |KM06bj is to control the 
space localization of the energy (see §3.3p . 

Proposition 3.1. Let u be a solution of (jl.ip such that (j2.7p and (j2.8p hold. Then there exist 
Ao, xq such that 

(3.1) ||V(n(t) - Wx,,^,)\\2 + Wdtuh < Ce-'\ 
Furthermore, 

(3.2) \\u\\s(-oofi) < 00. 

Remark 3.2. From Corollary 12.91 (12. 7p implies that u is defined on M. 
3.1. Convergence for a subsequence. Let 



(3.3) d(t) := 



/|V„(,.)P..-/|V»',.)|^..+/|<>.„,M)P<<.. 



Then the equality E{u{t),dtu{t)) = E{W,Q) implies 
|Lio85j ) that the variational characterization (|1.4p of 



\u\\^t — \\W\\^t 



< Cd{t). It is known (see 
V by Aubin and Talenti implies that there 



exists a function eQ{6) such that £o{^) ^ as 5 ^ and, for any fixed t 
(3.4) mfJ\V{u^,x{t)±W)\\^<eo{d{t)). 

The key point of the proof of Proposition 13.11 is to show that d{t) tends to 0, which by 
implies that there exists (A(t), x{t))t>o such that ^iA{t),a;(t)(0 ~ ^ tends to in as t tends to 
+00. We first show: 
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Lemma 3.3. Let u be a solution of (jl.ip such that (j2.7p and (j2.8p /loW. T/ien 

1 

(3.5) lim - / d(t)dt 0. 

Corollary 3.4. There exists an increasing sequence Tn — > +oo sitc/i that 

lim d(T„) = 0. 

n— ++00 

Proof. Let (/3 be a C°° function such that (/^(x) = 1 if |x| < 1 and ip{x) = if |x| > 2. For R > 0, 
write 

(3.6) V^nix) = (p{x/R) and ipnix) = Xip{x/R). 
Let e > 0. Consider as in |KM06bl §5] 

f N -1 f 

(3.7) gnit) := / ^l) r.V ^udtudx + { — ^ — ) / ipRudtudx. 

Step 1. Bound on gnit). We first show 

(3.8) 3Ci>0, Vt>0, \gR{t)\<CiR. 

Indeed, note that supp^?^^, U suppV'i?, C {|x| < 2R}, so that |V'_R(a;)| < 2R and |99ij(x)| < 
Hence 



/N f 1R 
\Vxudtu\dx+ — J —\udtu\dx, 



which yields (j3.8p by Hardy's inequality and Claim uAi 

Step 2. Bound on g'^it). There exists C2 > 0, c > 0, such that for all e > 0, there exists 
ti = ti{e) > such that 

(3.9) Vt G [ti,T], g'^^it) < -cd{t) + 628. 

By explicit computation and the equality E{uq,ui) = E{W,Q) (see Claim [CTTl in the appendix) 



g'sTit) = I \dtu\^dx - \VW\'dx - I \Vu\'dx^ + O (^1^^ 



r{u)dx 

x\>eT J 



where r{u) is defined in (j2.25p . Note that by Claim [2^ an elementary calculation 
(3.10) - j \dtu\^dx + (1 \VW\^dx - j \Vu\^dx^ 



> — 

- N 



^(^j \dtu\'^dx + j \VW\'^dx- j iVnpdx 



Thus there exists C2 > such that 



(3.11) 9'R{t)<-^T^m + C2 [ r{u). 

+ ^ J\x\>eT 

By Proposition 12.81 t\{t) — > +cxd and |x(t)|/t — > 0. Thus we may chose ti = ti[e) such that 

t>ti=> \x{t)\ < ^t and |A(t)| > 



2 I w, - 
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where Rois) is defined in (j2.26p Then for ti < t < T, 

\x\ >eT^ \{tm - \x{t)\) > [eT - f ) > Ro{e), 

which yields, together with ()2.26p and (j3.1ip . our expected estimate (|3.9p . 
Step 3. End of the proof. 

Integrating ()3.9p between ti and T, one gets 

geT{T) - gsHti) = [ g'eTit)dt <-c [ d{t)dt + C2(T - ti)e. 
Jti Jti 



and thus, by (j3.8 



hence 



/ d{t)< 2Cie + C2e, 
Jti 



hmsup— / a[t)dt < s 

r-»+oo T Jq c 

which yields the result. □ 

3.2. Modulation of solutions. We will now precise, using modulation theory, the dynamics 
of solutions of (jl.ip near W. We will only suppose 

(3.12) E{uo,ui) = EiW,0), 

without any further assumption on the size of ||Vno||2- We have the following development of 
the energy near W: 

(3.13) E{W + f,g) = E{W,0)+Q{f) + ^\\g\\l + O{\\Vf\\l), feH\geL'' 

where Q is the quadratic form on defined by 

1 N + 2 f„^^^2 



(3.14) w):=2y iv/i^-^(F3^y^--/- 

Let us specify an important coercivity property of Q. Consider the orthogonal directions W , 
W , Wj, j = 1 . . . N in the real Hilbert space = H^{R^, C) where W and Wj are defined by 

(3.15) ^ 

= cj-^ (^m,x)k/.,x)=(i,o) = Ci^x.W^. 

and the constants c, ci, . . . , cn are chosen so that 

(3.16) ||VVF||2 = ||VH^i||2 = . . . llVWivlb = 1. 
We have 

2 

Q(W^) = ~(jv _ 2)(7^' ^\spMw,Wi,...,w„} = ^' 

where Cjv is the best Sobolev constant in dimension A^. The first assertion follows from direct 
computation and the fact that ||Ty||2' = ||VVF||2 = ttw- From (j3.13p . (j3.15p . and the invariance 

of E by ah transformations / ^ ffj.,x, we get that Q{W) = Q{Wi) = ... = Q{Wn) = 0. 
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Furthermore, it is easy to check that W, Wi, . . . , Wjy are Q-orthogonal, which gives the second 

assertion. 

Let H := spanjiy, W, Wi, . . . , Wn} and H-^ its orthogonal subspace in the real Hilbert space 
H^. The quadratic form Q is nonpositive on H. By the following claim, Q is positive definite 
on H-^ (see |Rey90[ Appendix D] for the proof). 

Claim 3.5. There is a constant c > such that for all radial function f in 

Q{J) > ~c\\Vj\\l 

Now, let be a solution of (jl.ip satisfying (j3.12p and define 6{t) as in (|3.3p . We would like 
to specify (|3.4p . We start by chosing /x and X. 

Claim 3.6. There exists 5o > such that for all solution u of (jl.ip satisfying ()3.12p . and for 

all t in the interval of existence of u such that 

(3.18) A{t) < 5o, 
there exists {n{t),X{t)) G (0,+cx)) x such that 

u^,x ^{W,Wi,...,Wn}^. 

We omit the proof of Claim [3T6l which follows from (j3.4p and the implicit function Theorem. 
We refer for example to |DM07l Claim 3.5] for a similar proof. 

If a and b are positive, we write a k, h when C^^a < b < Ca with a positive constant C 
independent of all parameters of the problem. 

Now, consider u satisfying ()3.12p and assume that on an open subset J of its interval of 
definition, u also satisfies (I3.18p . 

According to the preceding claim, there exist {fi{t),X{t)) such that 

VtGJ, u^,x{t) e{W,Wi,...,WN}^. 
We will prove the following lemma, which is a consequence of Claim [331 in Appendix El 

Lemma 3.7 (Estimates on the modulation parameters). Let u, fi, X be as above. Changing u 
into —u if necessary, write 

u^,x{t) = {l + a{t))W + f{t), l + a:= ||y^||2 / VW-Vu^^xdx, J £ . 

Then 

(3.19) |a| ^ \\V{aW + /)|| « ||v7||2 + Wdtuh ~ 6{t) 



(3.20) 



l^ 



+ 



+ \X'{t)\ < C6{t). 



3.3. Exponential convergence to W . Using Subsections 13.11 and \'6.2\ we are now ready to 
prove Proposition 13.11 

Let u be as in the proposition. By Lemma l2.5t we may assume that 

There exist functions A(t), x{t) continuous on [0, +oo) such that 

(3.21) f / \ 1 '12 

K := I [u{t), dtu{t)j^^^^ ^^^y t e [0, +oo) > is relatively compact in H x L . 
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Let fj,{t) and X(t) be the modulation parameters of Subsection 13.2^ defined for d(t) < Sq. It is 
easy to see that the compactness of K imphes that the set 



{u{t),dtu{t))^^^^^^^^^^^, t G [0,+oo), d(t) < 5o} 



has compact closure in x L^. By an elementary construction, one can find continuous 
functions X{t) and x{t) of t £ [0, +oo) such that (X{t),x{t)) = {X{t),ii{t)) if d(i) < Sq. The set 

K defined as in (j3.2ip has compact closure in x L^. We will still denote by x{t) and X{t) the 
new parameters that satisfy, in addition to (j3.2ip . 

(3.22) d(t) <6o^ X{t) = fj,{t), x{t) = X{t). 

The proof of Proposition 13.11 relies on the two following Lemmas. 

Lemma 3.8 (Virial type estimates on d(t)). Let u he a solution of (|l.ip satisfying (|2.7p . (I3.2ip . 
and (j3.22p . Then there is a constant C > such that 

0<a<T^ [ d{t)dt<c( sup \xit)\ + (d(CT) + d(r)). 

Ja \a<t<T Kt)/ 

Remark 3.9. We will also need the following variant of Lemma 13.81 whose proof is exactly the 
same: if u satisfies the assumptions of Lemma 13.81 for all t G M, then there is a constant C > 



-oo < a < T < +CO 



[mdt < C Qupjx(t)| + ^) (d(a) +d(T)). 



Lemma 3.10 (Parameters control). Let u be a solution of (|l.ip fuUfiUing the assumptions of 
Lemma\3.8[ Then there exists a constant C > such that 



< a and a + -r-r^ < t =^ \x{t) — x{a)\ + 
A(cr) 



1 1 



A(r) X{a) 



<C f d{t)dt. 

J a 



Remark 3.11. The technical assumption a + < r is needed because of the infinite choice of 
parameters x{t) and X{t) when d(t) > 5q. 

Let us first assume Lemma 13.81 and 13.101 to show Proposition 13.11 

Proof of Proposition \3.1[ Step 1. Let us show that, (replacing uhy u{- — Xoo) for some Xqo S 
if necessary), there exist c, C > and Aqo G (0, oo) 



/oo 
d{s)ds + \X{t) - Aool + \x{t)\ < Ce- 



ct 



We first show that x{t) and are bounded. According to Lemmas 13.81 and 13.101 there exists 

■ al 

1 1 



a constant Cq > such that for allO<o"<s<t<r with s + < t, we have 



(3.24) \x{s)-x{t)\ + 



< Co { ^sup^ (|x(r)| + ^)} Ka) + d(r)). 



Now consider the increasing sequence — > +00, given by Corollary 13.41 and chose no such that 
(3.25) n > no ^ d(r„) < ^ 



4Co 
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Using ()3.24p with a = s = Tn^^, and r = Tn for some large n we get, in view of (j3.25p 



A(r, 



< t 



x(t„„) - x{t)\ + 



Thus 



no) 



sup 



A(r, 



no/ 



\{t) 



< 



sup (\x{r)\ + 
Tuo<r^ A(r) 



x{t)\ + 



1 



A(t) 



1 



< - <^ sup (\x{t)\ + 



'TnQ<t 



+ \x{t, 



no) 



+ 



1 



A(rno)' 



which shows the boundedness of x and A. 

By Lemma 13.81 between a = t and r = Tn, and taking into account the fact that x{t) and 
are bounded, we get J^^" d(s)ds < C(d(t) + d(T„,)). Letting n goes to infinity we obtain 

J^°° d{s)ds < Cd{t). Thus for some constants c, C > 0, 



(3.26) 



/ + 00 
d{s)ds < Ce 



■ct 



which is the first bound in ()3.23p . 

By (I3.26p . Lemma [3. 101 and the fact that x{t) and are bounded, we have, if cr + < r, 

\x{a) - x{t)\ + 1^ - < Ce'"''. Thus there exist Xoo G K^, ^oo G [0, +oo) such that 

1 



< Ce- 



-ct 



Translating u, we will assume Xoo = 0. It remains to show that £oq > 0. Assume that loo = 0. 
Let < a < s. Let be the sequence such that d{Tn) 0. Then, by p.24p . if n is large enough 
(so that s + ^ < Tn), 



\x{s) - x(t„)| + 



1 



1 



A(s) A(t„) 



< Co 



sup (\x{r)\ + -^ 
<v<^^ V Ah 



U<r<Tn 



Letting n tends to infinity, we get, by the assumptions 



A(r 

0, and = 



(d(s)+d(r„)). 



< cj < s 



1 



A(.) 



<Co 



(7<r 



sup \x(r)\ + 



1 



A(r) 



d(a). 



Taking the supremum in s in the preceding inequality, we get, if o" = 



sup \x[s)\ + < Co 
r„<s A(s) 



1 



sup X S) + w . 
.r„<. V A(SJ 



d(T„) 



Recalling that d{Tn) tends to 0, we get a contradiction, showing that ioo > 0. The proof of 
(|3.23p is now complete. 



Step 2. Proof of (j3.ip . Let us first show by contradiction 



(3.27) 



lim d(t) = 0. 

t— >+oo 



Indeed, if it does not hold, there exists a subsequence of {Tn)n (that we still denote by (r„ 
and a sequence (f„)„ such that 

Tn < fn, Vi G [Tn, fn), d{t) < 6o/2, d(f„) = (5o/2. 
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On [r„,f„] the parameters a{t), ij,{t) and X{t) of Lemma \37l\ are well-defined. By (j3.23|) and 
Lemma 13.71 



(3.28) |a(r„)-a(f„)| < 



n ^ dt<C r" d{t)dt < Ce-^". 



By Lemma [3771 a{t) d(t). As d(r„) ^ and d(f„) = 5o/2, this contradicts (j3.28p . showing 
(137271) . 

In view of (j3.27p . there exists T > such that for t > T, d{t) < 6o, so that u is close to zizW 
for t > T. By continuity of the sign before W does not change for large t. Changing u into 
—u if necessary, we can make it a +. Write as in Lemma [37 



(3.29) u^,xit) = {l + a{t))W + f{t). 

Integrating the estimate \a'{t)\ < C/z(t)d(t) of Lemma [3771 we get, by (13.23p . \a{t)\ < Ce~^*. 
Furthermore, again by Lemma [3771 ||V/||2 + Hc^tiilb ^ d(t) |«(i)|- Thus 

(3.30) Vt>r, |a(t)| + |^(t)-Aoo| + |X(t)| + ||v7||2 + ||atn(t)||2<Ce-'=*. 
This implies p.ip in view of (|3.29p . 

^tep 5. Proof of (13. 2p . Assume, in addition to the assumption of Proposition 13.11 that we have 

(3.31) \\u\\s{-oc,o) = 

By Lemma [2.51 there exist A(t) and x{t), defined for t G M such that 

has compact closure in x L^. As a consequence of the preceding steps, applied to u{t,x) 
and u{—t,x), we get that d{t) tends to as t goes to +oo and — oo, and that and x{t) are 
bounded independently of t G M. By Remark [3.91 



(3.32) a<T^I d{t)dt < C {d{a) + d{T)) . 

Letting a go to — oo and r to +oo, we get that d{t) = for all t. Thus u = W up to the 
invariance of the equation, which contradicts the assumption ||Vno||2 < ||VVF||2. □ 



Proof of Lemma [378{ . Let i? > to be chosen later and gR the function defined by (13.7P 

Step 1. Bound on qr. Let us show that there is a constant Co independent of t > such that 

(3.33) \gR{t)\ < CoRd{t). 

Indeed by the explicit expression of qr, the fact that V'i? < 2i? and ipR < 2R/\x\ and Hardy's 
inequality we get 

\9Rit)\ < CR\\dtuit)\\2\\Vuit)\\2 < CR\\dtuit)h. 



By Lemma[377] ||9t^i||2 < Cd(t) for t such that d{t) < Sq. As \\dtu\\2 is bounded by y/2E{W) 
(Claim [27^ . this bounds is valid for any t, which concludes the proof of (|3.33p . 
Step 2. Bound on g'j^. In this step we show that there exist po > 0, c > 0, independent of a and 
r such that if for some t G [a, r] , 



(3.34) i?>po( _ + 
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g'j,{t) < -cd{t). 



Indeed by Claim ICTTl in the appendix, 

9'Rit) = J^ I \dM^dx-j^(^j \VW\^dx- I \Vu\''dx^+ARiu,dtu), 
where Afi is defined in (jC.ip . We first claim the following bounds on Aji{u,dtu): 



(3.36) 
(3.37) 



Ve > 0, > 0, Vt > 0, R>2\x{t)\ + 



\AR{u,dtu)\ < £. 



3Ci > 0, > 1, Vt > 0, 

=^ \AR{u{t),dtu{t))\ < Ci 
By (jC.ip . there exists C2 > such that 



2p 



R > 2\x{t)\ + -f- and d(i) < 60 
\{t) 



1 



JV-2 



■d(t)+d(t)^ 



(3.38) 



An{u,dtu) < C2 / r{u)dx, 

J\x\>R 



where r{u) is defined in (j2.25p . Let ps := 2Ro{e/C2), where Rq is defined in ()2.26|) . Assume 

that R > 2\x{t)\ + Then 
X{t) 

\x\>R^\x-xit)\>R-\xit)\>^>^^^. 



By (j3.38p and the definition of Rq, we get (|3.36p . 

Let us show (|3.37p . Let t such that d(i) < 60, where 60 is the parameter given by ^3.2[ Recall 
that by ^Ml, A(t) = p{t) and X{t) = x{t). 

For any Xo,xq, we know that VKacxq is ^ solution of (jl.ip independent of t, so that gji{t) = 0, 
and g'^it) = 0, which shows by Claim [UTT] that A/j(VFxf, .j-g, 0) = 0. Thus 



Ar{u, dtu) = Ar{u, dtu) - Ar[Wi 



By the change of variable x = X -\- - we get 



(3.39) / a'l^{x)dju{x)dku{x)dx 



d 



{x)—[W^_x]{x)dx 



I a'^{X + y-)dj{W + f)dk{W + f)dy - I a'^{X + ^)djWdkWdy 
J P- J P- 

= [ ai^{X + ^) {d.Wdkf + d.fdkW) dy+ [ a^{X + ^)djfdkfdy. 
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where / = u^^x — W, is such that ||V/(t)||2 < Cocl(t) by Lemma [3771 Now, a similar calculation 
on the other terms of Aji{u, dtu) — Ar{Wi yields the bound 



(3.40) \AR{u,dtu)\ = AR{u,dtu)-AJWi_j^,0 



< C 



X+^\>R 



\vf\' + \vw-vf\ + w' ^Vl + l/r* + 



{w\f\ + \f\') 



dy. 



Let us bound the terms of the right-hand side of (j3.40p that are linear in / Recall that 

> R 



H{t) = X{t) and X{t) = x{t). Using that R > 2\x{t)\ + we get, if 



M>2^ 



\y\ > 2/9 and 



X + 



> 



X > 



Thus, recalling that W{y) \y\ for large \y\. 



X+^\>R 



VW ■ Vf\dy < (^1^ 

[ , W^'-'\f\dy<( [ 
J\X+^\>R \Jk 



y_ 

1/2 



R 



> 



\VW\ 



l|V/||2< 



c 



N-2 

p 2 



fi ~ 2 



N+2 
2N 



w 



2* 



c 



w\f\ 



jdy < 



N+2 
P 2 

1/2 



^+^>« y 



/ 02 1^1' IIV/II2 < -^d(0. 

J\y\>2p \y\ J p 2 



By (ICTD . we get ^M)- 

We are now ready to show ()3.35p . Note that by Claim [UT| we have, for a small constant 
c > 0, 

(3.41) g'jiit) < -edit) + \AR{u,dtu)\. 

c 



Chose 5i := min |(5o, 
By (13371) 

d(t) < 5i and R > 2(\x{t)\ + =^ \AR{u,dtu)\ < ^d(t) 

According to (I3.36P with e := ^61, 



and pi > 1 such that ^-^ < f where Ci is the constant in (|3.37p . 



Pi \ 



d{t) > 61 and R > 2\x{t)\ + 



^^^\AR{u,dtu)\<^6,<^d{t). 



In view of (I3.4ip . we get (j3.35p under the assumption (I3.34p for po := max{2pi, p£,2). Step 2 is 
complete. 

Step 3. End of the proof. Take 

1 



R := 2po sup 



+ \x{t)\ 



(T<t<T K^it) 

where po is given by Step 2. Then by (|3.35p 

VtG[a,r], cd{t) < -g'R{t) 
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Integrating between a and r, we get, in view of (j3.33p 

c r d{t)dt < \gR{a)\ + \gR{T)\ < CoR{d{a) + d(T)), 

which yields the conclusion of Lemma 13. 8i □ 

Proof of Lemma \3.1(A Step 1. Bounds by compactness on a short time interval. We show that 
there exists Ci > such that 

(3.42) Vr,a>0, |r - a| < ^ ^ A(r)|x(r) - + ^ + ^ < Ci. 
If not, we may find sequences t„, cr„ > such that 

(3.43) |r„-a„|<— A(7:„)|x(r„) - x(ct„)| + + +oo. 
Extracting subsequences, we may assume 

(3.44) lim A(T„)(a„ - r^) = sq £ [-1, 1]. 
Consider the solution of (jl.ip 

Vn{s,y) := iv-2 ^ ( TT— T + Tn, + ^('^") 



(A(r„))^ \Hrn) "'A(r„) 

By compactness of K, extracting subsequences if necessary, ^^^^ has a limit (vq, wi) in 

X L^. Let u be the solution of (jl.ip with initial condition (wo,fi), which is globally defined 
according to Corollary 12.91 By Proposition 12.31 (|b|). 

Wn{y) ■■= Vn{X{rn){crn - Tn),y) = 3__^n ( fT„, — ^ + a;(r„) ) — > v{so,y)mH^. 

{X{Tn))~ V K-^n) J "^+°° 

Furthermore the compactness of K implies that the following sequence stays inside a compact 
set of H^. 

N-2 

-U an, --7 r + x(fT„) = — Wn —, ry + X{Tn)[x{an) - x(t„)) 



(a(ct„))— V A(cj„) y VA((Tn)y \\{an) 

Thus ^1^"^^ , and A(r„)(x(T„) — x((Tn)) must be bounded, contradicting (j3.43p . 

Step 2. Control of the variations of d. Let (5o > be given by Subsection 13.21 Let us show 
(3.45) 35i>0, Vr>0, sup d{t) > 6o ^ inf d{t) > 6i. 

Indeed, assume that it does not hold, so that (extracting if necessary), we may find sequences 

('rn)n, {tn)n, (t'Jn, SUch that 

1 



(3.46) t„,4e 

Let 



A(r, 

(A(t„))^^VA(tn) ' ^"'A(t 



d(t„) ^ and d(t;,) > Sq. 



Vn{s,y) := jv_2 U ( -TTTT +x{tr, 
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By the compactness of K, and the fact that d(t„) tends to 0, we may assume that (wn(0), 9sf„(0)) 
tends to some Waq.xo- 



By Step 1, 



1 



< 



Ci 



A(t„) - A(r„)' 



thus \{tn){tn — t'n) bounded. Extracting if necessary, we may 



assume Hm„ \{tn){tn — t'n) = so ^ !]• By Proposition 12.31 (|b|). 

(3.47) hm Vn{\{tn){tn " t'^)) = ±H^Ao,xo i^^ 

1 



-u t' 



y 



Furthermore, 't;„(A(t„)(t„ - t'^)) = n-i- \ -n-, ^u 

WVvriW^ > 6o, which contradicts (j3.47p . Step 2 is complete. 
Step 3. End of the proof We first show that , there exists C > such that 



+ x{tn) . Thus by (fMj) . \\VW\\i 



(3.48) 0<(T<(7<f<r = cr + 



1 



Ci\{a) 



\x[T) — x[a) 



1 



1 



A(r) A(a) 



< C 



d(r)dr, 



where Ci > 1 is the constant defined in Step 1. Indeed, if d{t) < 5q for t G [f, t], we have by 
(|3:22D that x(t) = X{t) and A(i) = ^(t) on [o-,t]. Thus by ([3:^ in LemmaEIZl 



\x{a) - x(f)| + 



1 



x'{t)dt 



+ 



dt 



< C 



6{t)dt, 



which yields (|3.48p in this case. The second case is when there exists a t G [a, r] such that d(i) > 
5q. By Step 2, we get that A{t) > 5i for all t E [a, r]. Note that by Step 1, |ct — f| < Ci\{cf) — 



and thus, again by Step 1, \x{a) — x{f)\ < and 



1 



1 



1 



\x{a) - x{f)\ + 



1 



A(a) A(f) 



3Ci 3C? „n, , 3C? 
< — ^ < — ^ = 3CiV-^l < 



A(a) - A(a) 



5i 



d{t)dt. 



The proof of (j3.48p is complete. 

It is straightforward to deduce the conclusion of Lemma 13 . 1 1 from (j3.48p , dividing the interval 
[a, t] into small subintervals, and we omit the details. □ 



4. Supercritical case for solutions 
In this section we study a solution u of (jl.ip such that 

(4.1) no G L2 

(4.2) Eiuo,ui) = E{W, 0), llVnolb > W^Wh 

(4.3) r+(n) = +CX). 

Our main result is the following. 

Proposition 4.1. Let u be a solution of (jl.ip mi/i € {3,4,5} satisfying (j4.ip . ()4.2p and 
(|4.3p . T/ien N = 5 and changing u into —u if necessary, there exist c, C > and Ao,xo such 
that 



(4.4) 



Vt > 0, ||Vn(t) - VI^Ao,xoll2 + \\dtu{t)\\2 < Ce 



-ct 
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Remark 4.2. In dimension = 3 or = 4, Proposition 14.11 asserts than any solution of (jl.ip 
satisfying (j4.ip and (j4.2p must blow-up in finite time for positive and negative time. We are not 
able to prove (j4.4p . Nevertheless, one can show the weaker property 

1 

hm - / d(t)dt = 0. 

Let 

y{t) := / {u{t))^dx, 
and define d(t) by (j3.3p . We first prove the following. 
Lemma 4.3. Let u satisfying the assumptions of Proposition \4-i\ Then 

(4.5) Vt > 0, y'{t) < 

(4.6) lim y(t) =2/oo G (0,+cx)) 

I— >+Cx3 

/ + 00 
d(s)ds < Ce-^K 

Corollary 4.4. Under the assumptions of Proposition \4-l\ T-{u) < oo. 

Proof of Corollary\l^ Indeed by (133|), y'(t) < 0. But if T_(«) = +oo, (jM]) applied to the 
solution u{—t, x) of (|l.ip (which also satisfies the assumptions of Proposition 14. ip shows that 
y'{t) > 0, which is a contradiction. □ 

Proof of Lemma \4-3\ By direct calculation (and using equation (jl.ip and assumption (j4.2p to 
compute y") 



(4.8) y'{t) = 2 / u{t)dtu{t)dx 

(4.9) y"(t) = 2 1 {dtu{t)f - \Vu{t)\^ + \u{t)f 

Furthermore, by Cauchy-Schwarz inequality, 

(4.10) y\tf < 4 j {u{t)f I {dtu{t)f < ^^y{t)y"{t). 

Proof of (j4.5p .We argue by contradiction. Note that by Remark 11.31 assumption (j4.2p implies 
that ||Vii(t)||2 > ||V1^||2 for all t. By (fOj) . y"(t) > for any t > 0. Assume that for some to, 
y'{to) > 0. 

(4.11) Vt > to, y'{t) > 0. 
Hence by ()4.10p . ^E^^ ^ which yields by integration 



yt>to + 1, , " ' > 



iV-l 



y'(to + i) - \y{to + i] 

N-2 



which leads to blow-up in finite time from the fact that ^—h > 1, contradicting (j4.3p . 
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Proof of (j4.6p . The function y is positive and, by (j4.5p . decreasing. Thus 

(4.12) hm y{t) = yoo G [0,+cx)). 

We must show y^o > 0. Let us first show that for t >0 

(4.13) \y'{t)\<C\\dtu{t)\\2<Cd{t). 



By Cauchy-Schwarz, \y'{t)\ < \\u{t)\\2\\dtu{t)\\2. By KUh . \\u{t)\\2 = y/yif) ''^^ bounded, which 
shows the first bound in (|4.13p . According to Lemma [3?71 if d(s) < 5o then ||5tM(t)||2 < Cd(t). 
Furthermore, if d(s) > 5o, \\dtu{t)\\l < d{t) < j^d{tf, hence the bound ||«9tn(t)||2 < Cd{t), which 
concludes the proof of (j4.13p . 

To show that yoo > 0, we argue by contradiction. Assume that yoo = 0. Bv (j4.13p . 

r+oo /■+00 

(4.14) y{t) = -{y^-y{t)) = - y'{s)ds<C d{s)ds. 

Jt Jt 

Note that 

r+oo 

(4.15) / d{s)ds<\y'{t)\. 



Indeed // y"{s)ds = y'{T) - y'{t) < -y'{t), which yields IKI^ in view of (j4.9p . Combining 
(jirij) and (|i7T5|) . we get 

1/2 

d{s)ds < \y'{t)\ < 2\\dtuit)\\2{yit)f^ < C\\dtu{t)\\2 ( / d(s)ds ^ 



and thus, by KWi . (/+°°d(s)ds) < Cd{t) for t > 0. This is a differential inequality of the 

form Vy < —CY', which can not be valid on [0, oo) if > 0, y > 0. The proof of (j4.6p is 
complete. 

Proof of gZl). By (I4l3]l and (|4l^ , 

/oo 
d{s)ds < \y'{t)\ < Cd{t), 

which implies (j4.7p . □ 

Proof of Proposition [TTij S'^ep i. Convergence in L^. We first show that there exits Uoo G 
such that 

(4.16) lim \\u{t) - tioolb = 0. 

Indeed we have, if < ti < t2, 

-t2 2 



(4.17) |n(ti,x) -tt(t2,2;)| 



2 



dtu{t, x)dt 



< {t2-h) I \dtu{t,x)\^dt. 



Integrating (|4.17p in space, we get by (|4.7p 



Hh) - u{t2)\\l < \h -t2\ / ' \\dtu{t)f2dt < C\h -t2\ d{t)dt < C\h - t2\e-''K 
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By an elementary summation argument, we obtain, taking a larger constant C, the bound 
— M(t2)||2 < Ce~'^^^ for ti < t2- Thus u satisfies the Cauchy criterion in as t — > +00, 
which yields (j4.16p . 

Step 2. End of the proof By (14.70 . there exists a sequence t„ ^ 00 such that d{tn) tends to 
0. Thus, extracting a subsequence and changing u into —u if necessary, there exists Ao,xo such 
that u{tn) tends to Wx^^xq in H\ thus in P'(M^). In view (j4.16p . u{tn) tends also to Uoo in 
V'{W). Thus Wxo,xo =Uoce L^. This shows that iV = 5 and 

(4.18) lim \\u{t)-Wxo,xo\\2 = 0. 

t — * + (X) 

Let us show 



(4.19) lim d(t) = 0. 

t—t + OO 

If (I4.19P does not hold, there exist increasing sequences {tn)n, i'tn)n such that t^ < t'^, d(t„) 0, 
d(t^) = 5o and d(t) < (5o for t G [t„,f^). On the modulation parameters fi{t) and X(t) 

are well-defined. Furthermore, by (j4.18p . fi(t) must be bounded on Unl^^'^nl- Thus by (|4.7p 
and the same argument as in the proof of (j3.27p . a{t'^) tends to which contradicts the estimate 
d(4) « a{t'J of LemmaEZl Hence (lOTjl . 

Thus there exists T > such that for t > T, d{t) < 5o. By (|4.18p . /x converges to Aq ^ In 
view of estimate (|3.20p of Lemma [STTl and the boundedness of fi, 

(4.20) \a'{t)\ + |//'(t)| + \X'{t)\ < Cd{t). 

In view of (|4.7p . this shows as in the end of the proof of Proposition 13.11 that d{t), a{t), fi{t) 
and X{t) converges exponentially when t — > +00, which implies ()4.4p . The proof of Proposition 
14.11 is complete. □ 



5. Preliminaries on the linearized equation near W 

This section is similar to the corresponding one in the NLS case |DM071 Section 5] . 
Let n be a solution of (|l.ip . defined on [0, +00), and close to W. Let h := u — W. Then 

o 4 JV+2 

d^h- Ah-\W + h\^{W + h) +W7r^ = 0, 

which we rewrite as 

(5.1) d^h + Lh = R{h), 

N + 2 4, 4 N+2 N + 2 4 

L := -A - ^^^1^^, R{h) := \W + h\^{W + h) - - ^y-^^^^^- 

Note that ^{Lu, n)^2 = Q{u) where Q is the quadratic form defined in (j3.14p . 

5.1. Preliminary estimates. Recall the definition of the spaces and N(I) defined in ()2.ip . 
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Lemma 5.1. There exists C > such that if f £ L , I is a time interval and u,v ^ ^i^)- 

(5.2) \\Dl/'^{WT^u)\\i^a) < C (\I\^ + \\u\\ 



N{i) ^ \J- 1 J \m\e(i) 

/ JV+2 

(5.3) \\R{f)\\^^<C^\\f\\l + \\m'' 

(5.4) \\Dl/\Riu) - R{v))yii) 

< C (^1 + ||n - M|n||^(^) + + ||n||^|7)^ + ||f H^^^^ 

We postpone the proof of Lemma l5. II to Appendix iBl 

We will also need the following version of Lemma |5 . 1 1 with exponentially decreasing norms. 

Corollary 5.2. Let u,v £ i{to, +oo), to S M, such that for some 7 > 0, and some constant 
M >0, 

\/t > to, ||M||£(f,+oo) + ll^'II^Ct.+oo) < Me'^K 
Then there exists C = C(7, M) > such that 

^ ' N+2 

Vt > to, \\D'J\R{u) - R{v))Uit,+oo) < Ce~^'\\u - v\U^t,+o.)- 

Proof. This is an immediate consequence of Lemma 15.11 and the following elementary Claim, 
which is Claim 5.8 in |DM07] : 

Claim 5.3 (Sums of exponential). Let to > 0, p £ [l,+oo[, ao 0, E a normed vector space, 
and f G L^^^{to, +00; E) such that 

(5.5) 3to > 0, 3Co > 0, Vt > to, \\f\\LP(t,t+ro,E) < Coe"°*. 
Then for t >to, 

Coe""* Co 6°"* 

(5.6) \\f\\LP(t,+oc,E) < ^ _ ^aoro °0 < ^' Wfhnto^t.E) < ^ _ if ^0 > 0. 

□ 



Corollary 5.4 (Strichartz estimates for the perturbative equation). Let h be a solution of (15.1 
on [0, 00) such that 

\\Vh{t)h + \\dth{t)\\2<Ce-^K 

Then 



\e(t,+oo) ^ W^x "-^ri'\\N{t,+oc) 

\\R{hm\^ + py'i?(MiU(i,+oo) < ce-^^\ 

N+2 ^ ' 

Proof. The proof is the same than the one of |DM07l Lemma 5.6]. We sketch it for the sake of 
completness. Note that all desired estimates are, by Corollary 15. 2| a consequence of 

ll^ll£(t,+oo) < Ce"'^*, 
so that we only need to show this last estimate We have 

dlh -Ah = ^^^^W^h + R{h). 
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Let t > and r G (0, 1). First note that W + h is solution of (jl.ip . and thus, by the standard 
Cauchy problem theory for (jl.ip . ||/i||^(f,t+r) is finite. By Strichartz inequality (Proposition 12. 1|) 
and Lemma |5.H 

\\hhit,t+r) < C (||Dy2^^/l|U(t,t+r) + \\Dl'^R{h)\\N(t,t+r) + e"^*) 
/ 2 JV+2 

By a standard argument (see the proof of |DM07l Lemma 5.7]), we deduce from the preceding 
inequality, r is small. 

The conclusion follows from Claim [531 □ 



5.2. Spectral theory for the linearized operator. The following Proposition sums up spec- 
tral properties of L (see [SK05] . |SKT07j for the radial case in M^). 

Proposition 5.5. The operator L on L? with domain is a self-adjoint operator with essential 
spectrum [0,-|-oo), no positive eigenvalue and only one negative eigenvalue —eg, with a radial, 
exponentially decreasing, smooth eigenfunction y. Furthermore, if 

G^:=!^feH\ jyf = jvf.VW = Jvf.VWi = ... = Jvf- VWn = o| . 

Then there exists cq > such that 

(5.7) V/gGx, Q{f)>CQ\\Vf\\l 

Remark 5.6. The proposition shows 

{ue H^, Lu = 0} = span{Ty, VFi, . . . , Wn}. 

Indeed, the inclusion D is already known. For the other inclusion, note that if the dimension of 
the space {u G H^, Lu = 0} was strictly higher than A*" + 1, we could find Z £ H^, Z ^ 0, such 
that LZ = 0, and orthogonal to W, Wi, . . . , Wn- By self-adjointness of L, J Zy = — ^ / ZLy = 
0. Thus on one hand Z G Gj_ \ {0}, and on the other Q{Z) = (LZ,Z) = contradicting ([57 



Proof of the proposition. Step 1. Existence of a negative eigenvalue. The fact that L is a self- 
adjoint operator on with domain is well-known. Note that L = —A — .^i|VF^-2 with 



Af-2 ' 

4 . 4 

~ 1/|2;| for large x. In particular, is bounded and tends to at infinity, which 

shows that the essential spectrum of L is [0, oo) (see e.g. |RS781 Theorem XIII. 14]). Furthermore, 

|x|VF'v-2 tends to at infinity, so that by Kato's Theorem |RS78t Theorem XII. 58], L does not 
have any positive eigenvalue. 

N+2 . N+2 

By the equation —AW = W ^^-^ , we have LW = —j^W''^-'^ and thus 

LWW = - [ -r^—W"^' < 0. 
y iV-2 

By approximating W by compactly supported functions 

inf / Luu < 0, 
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Thus L has at least one negative eigenvalue — Eq, and the corresponding eigenfunction y is 
exponentially decreasing by Agmon estimate. We chose — Cq to be the first eigenvalue of L, 
which implies that y is radial and —e^ is a simple eigenvalue 
Step 2. Proof of (I5.7P . We first show 

(5.8) V/ G Gx, QU) > 0. 

If not 3/ G Gx, < 0. Let g e span |/, 3^, W^, VFi, . . . , VFjv}- 

Taking into account that 
LW = LWi = ... = LWn = 0, and that / Lyf = -elfyf = we get 

Q{g) = j Lgg = j L{ay + f3f){ay + /?/) = P^Q{f) - a\l j y^ <Q. 

Note that span |/, 3^, W , Wi, . . . , Wn^ is a subspace of of dimension + 3, whereas H-^ = 

spanjW^, W, Wi, W2, . . . , WV}-*- (the orthogonal is taken in H^) is of codimension A + 2 in H^. 

Thus there exists a nonzero g G span ^f,y,W,Wi,..., Wn^ n H-^. By Claim 13.51 Qid) > 0, 

whereas we have just shown that Q{g) < yielding a contradiction. The proof of (15. Sp is 
complete. 

We now turn to the proof of (15. 7p . We argue again by contradiction. If (15. 7p does not hold, 
there exists a sequence (/„) such that 

(5.9) /„ G G^, ||V/„||2 = 1, Q(/„) ^ 0. 

Extracting a subsequence from (/«), we may assume 

- / in H\ 

The weak convergence of /„ G G_l to / implies that / G G±. By Cauchy-Schwarz inequality for 



the positive quadratic form Q on G±, we get \/ Q{fn)Q{f) > |/ -^^//n|- Thus by ()5.9p . 

Q(/)= hin / L//„ = 0. 

n— »+oo J 

As / G G_L, (j5^ shows that / = and thus 

/„-Oin ifi. 

4 

Now, by compactness J W^-^ tends to 0. Using that by (|5.9p . Q{fn) tends to 0, we get 
that ||V/„||2 tends to 0, contradicting (j5.9p . The proof of (j5.7p is complete. 

^iep 5. Uniqueness of the negative eigenvalue. Assume that L has a second eigenfunction 3^i, 
with eigenvalue —e\ < 0. As —eg is the first eigenvalue of L, we have that — Cg < — ef and 
/ 3^3^i = 0. The same argument than above shows that 

yf espan{y,y,,w,Wi,...WN}, Q{f)<o, 

which yields a subspace of of dimension A + 3 where Q is nonpositive, contradicting the fact 
that Q is positive on the subspace H-^, which is of codimension A + 2 in H^. □ 

In the sequel, we will chose y such that 

(5.10) [y^ = i. 
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5.3. Properties of the nonhomogeneous linearized equation. Let to ^ 0. We are now 

interested by the fohowing problem 

(5.11) d^h + Lh = e, t>to, 

where h G C°([to, +oo),iji), dth G C° {[to, +oo), L^) , e G {\tQ,+oo),L^^ and D^^e G 
iV(to,+oo) (see (HH) for the definition of N{tQ,+oo)). 

Proposition 5.7. Let h and e he as above. Assume that for some constant co,ci such that 
< Co < ci, 

(5.12) \\dth{t)\\2 + \\Vh{t)\\2<Ce-'''' 

(5.13) lk(t)ll^ + \\Dl'^eUit,+oo) < Ce-'^^K 

N+2 ^ ' 

Then, if c^ is any arbitrary number < c\ . 

• if c\> cq, there exists ^ G M such that 

(5.14) \\dt {h{t) - Ae-^^'y) + II (V(/i(t) - Ae-^'^'y) \\^ < Ce"^^*; 

• ifci< Co, 

(5.15) \\dth{t)h + \\Vh{t)\\2<Ce-'^K 
Proof. Write 

N 

h{t) = P{t)y + ^t)W + Y,lj{t)Wj + git), g{t)eG^. 

i=i 

By the definition of G±, the condition g{t) G G± is equivalent to 



(5.16) Pit) := J hit)y, 7(t) := J V (/i(t) - /3(t)3^) VVF, 7j(t) := J V {hit) - Pit)y)VWj. 

Step 1. Reduced case. 

In this case, we assume, in addition to the hypothesis of Proposition 15.71 

(5.17) yt > to. Pit) := j hit)y = 0. 

And show that (j5.14p (with ^ = 0) or ()5.15p hold. It is sufficient to show 

(5.18) \\dthit)h + ||V/i(t)||2 < Ce-'-^K 

An iteration argument will give the desired result. 
We first prove 

(5.19) ~ iQihit)) + miml) = I eit)dMt). 

z at j^N 

Indeed, recalling that Q(/i) = / Lh h, we get 

~ (^(^(*)) + W^Mml) = I Lhit)dthit) + [ d^hit)dthit), 
2 at j^N j^N 

which gives directly ()5.19p from equation (|5.1ip . . 



DYNAMIC FOR ENERGY CRITICAL WAVE 



29 



We now turn to the proof of ()5.18p . Note that h is exponentially decreasing in the Strichartz 
norms: 

4 



(5.20) ll^ll^(t,+oo) 

Indeed d'^h - Ah = ^^W^^h + e and by Corollary [521 assumptions ([5TT2]) and ([5l^ . 



iV + 2 _!_ 

— — -WN+2h + e 



< Ce 



-cot 



N{t,+oo) 

By Strichartz estimates (see Proposition 12. ip . we get (|5.20p . 
Now, by (l5l9D . 

{Qihit)) + \\dthit)\\l 



dt 



2(iV+ 
iV+3 



2(iV+l) . 



Integrating between t and +oo, we get, combining assumption (|5.13p on e, estimate (I5.20p . and 
Holder inequality in time, 



N{t,+oo) ll"'llf(t,+oo) 

By Claim ESI and (IKTfll . \\Vg{t)\\l < CQ{g{t)) = CQ{h{t)) < Ce'^^^+^^^K Hence 

(5.21) \\dMt)h + ||V5(t)||2 < Ce-^*. 

Furthermore, note that by the definition of 7 in ()5.16p and (|5.2ip . 



Hence 
(5.22) 

By an analogous argument 
(5.23) 



h{t)AW-^J, |7'(t)| 

I— > + oo 



dth{t)AW 



. ^ _H)±£1 

< Ce 2 



I ~ / M ^ _ (£0±£lli 

\l{t)\<Ce 



N 



El / M ^ (eo + ci)t 

|7i(t)l <f^e 



This gives (I5.18P and concludes Step 1. 

Step 2. General case. We no longer assume j3{t) = 0. We have: 



(5.24) 
Indeed, 



(3"{t) = ell3{t) + r/(t), where r/(t) := 



e{t)y. 



Lh{t)y+ £{t)y = el h{t)y + r]{t)y. 



We will show that h{t) := h{t) — [3{t)y and e{t) := e(t) — ri{t)y satisfy the hypothesis of Step 1. 

By assumption (jS.lSp . \r]{t)\ < Ce~^^*. We distinguish two cases. 
First case: cq < ci. Then e^°*|?7(t)| < Ce^^'"!"^")* with ci - eo > 0. Solving (|5.24p . we see that 
there exist real parameters /?_ such that 

°'"^°'r]{s)ds + 



/3(t) = /3_e-^«* + /3+e"o* 



2eo 



+00 1 
2eo 



-eo(i-s) 



ri{s)ds. 
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Note that /+°° e'=o(*-*)?7(s)ds + /+°° e"^o(*~'')7?(s)ds < Ce~^i*. Furthermore tends to 
by (j5.12|) which shows that /?+ = 0. Hence 

(5.25) Pit) = /3_e-"«* + Oie-"'^). 

Second case: c\ < cq. Solving again ()5.24|) . we get real parameters /?+, /3_ such that 



1 



+00 



„eo(t-s) 



7]{s)ds 



Note that 



1 

2eo Jt 



1 /■* 



'ri{s)ds 



2eo 



< C7 



-eo(t-s) 



ri{s)ds. 



e if ci < eo 



te 



-cit ■ 



2eo JO 

so that we must have again /3+ = 0. As a conclusion 

(5.26) ci < eo ^ Pit) = 0(e-^i*), ci = eo ^ p{t) = 0{te-^'^). 



if ci = eo 



In view of (15.241) . it is easy to check that in both cases, h and e satisfy the assumptions of Step 
1, which implies, together with (j5.25p or (j5.26p . the conclusions (|5.14p or ()5.15p of Proposition 
[5^ □ 



6. Proof of main results 

In this section we conclude the proofs of Theorem [1] an [2j We start, in Subsection 16. H by 
constructing approximate solutions oi p.ip which converge to as t ^ +00. Subsection 
16.21 is devoted to a fixed point argument near for large k. The proof of Theorems [T] and [2] is 
the object of Subsection 16. 3^ except for the blow-up of for negative times, which is shown 
in Subsection 16.41 



6.1. A family of approximate solutions converging to W. 

Lemma 6.1. Let a G M. There exist functions ($?)j>i in 5(R^), such that = ay and if 



(6.1) 

then as t ^ +00, 
(6.2) 



U^{t, x) := W{x) + J2 e"^''"*^i (a 



■= dfU^ - AU^ - \U^\~U^ = 0(e-(^+i)^o*) in S{ 



t>N\ 



Proof. The proof is identical to the proof of |DM07t Lemma 6.1]. We sketch it for the sake of 
completness. Note that 



(6.3) 



d^{W + h)- A{W + h) + \W + h\^{W + h) = dfh + Lh- R{h) 



where L and R are defined in (15.11). We have 



JV+2 , 4 + 2 

R{h) = W^J{W'^h), J{t) := |l + t| — (l+t)-l - j^^t. 
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The function J is real analytic for |t| < 1 and J(0) = J'(0) = 0. Thus J{t) is a power series of 
the form Ylj>2^j^'' which has radius of convergence 1. In particular, if /i G 5(M^) and satisfies 
\h{x)W-'^ixj\ < 1/2, for all x e M^, then 

+ 00 

I — ^ N+2 , , , 

(6.4) R(K) = ^ CjW— [hW-^y , 

i=2 

where the series converges in 5(M^). 

Let us fix a G R. We will omit most superscripts o to simplify notations. Clearly, by (j6.3p . if 

dlVx - AC/i - |;7i|^?7i = egae-"«*3^ + ae-^«*L(3^) - R (aj^e-^^o*) = -R (aj^e-*^"*) , 

which yields ()6.2p for k = 1. 

Now assume that for some A; > 1, there exist $1,. . . ,<I>fc in such that (|6.2p holds with 

fc 

(6.5) C/fc = + /i;., where /ifc := ^ e'^^o^^j. 

i=i 

Let ^>fe+i G 5(M^). Then 

= ((A: + l)2e2 + L) e-('=+i)^«*^>,,+i + e,. + i?(/ifc) - i?(/ifc + e-(^'+i)^"*«>,,+i) . 

By ()6.4p we see that must be, for large t > 0, an infinite sum of the form J2j>o ^ '''^"*^j,fc(2;), 
with convergence in 5(M^). Furthermore, the induction hypothesis (j6.2p shows that ^'j ^ = 
for j < k. Thus 

efc(t,a;)= e-^^^»**,-fc(x). 

Furthermore, R{hk) and i? (/i^ + e~('^+^)^o*) have similar asymptotic developments, and if t is 
large enough, using that hk = ©(e"^"*), we get \R{hk) - R{hk + e-^^+^^''°^)\ < C 6-"°^''+^^* . 
This shows 

(6.7) Sk + R{hk) -R[hk + e-('=+i)^»*$fc+i) = e-^^^+^^^^^^^+i.^ + 0(e-('=+2)eot) siR^"). 

By Proposition 15.51 — (A; + l)^eQ is not in the spectrum of L. It is classical that the resolvent 
((A; + 1)^60 + maps S into 5 (see e.g. |DM071 §7.2.2] for the proof of a similar fact). In 
view of (j6.6p and (j6.7p . it suffices to take 

$fc+i := {{k + if el + L)~^^k,k+i 
to get ([62]) at rank k + 1. □ 
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6.2. Contraction argument near an approximate solution of large order. 

Proposition 6.2. Let a € M. There exists > such that for any k > ko, there exists tj. > 
and a solution If^ of (jl.ip such that for t > tf^, 

(6.8) r"-^fc1.(,+oo)<^"^'^^^^"*- 

Furthermore, [/" is the unique solution of (jl.ip satisfying (16. 8p for large t. It is independent of 
k and satisfies, for large t, 

(6.9) l|V([/"(t) - + mu'^it) - < e-('=+^)^«*. 

Proof. We follow the lines of the proof of [DM07', Proposition 6.3]. 

Step 1. Transformation into a fixed-point problem. As in the proof of Lemma l6.ll we will fix 
a G M and omit most of the superscripts a. Recall the definition of £k and hk from ()6.ip and 
(|6.5p . The proof relies on a fixed point argument to construct 

w-U"" -W - hk. 

The function is solution of (jl.ip if and only if — W is solution of (j5.ip . Substracting 
equation (jS.ip onU"' — W and the equation dfhk + Lhk = R{hk) + Sk, we get that U"' satisfies 
()l.ip if and only if w satisfies d^w + Lw = R{hk + w) — R{hk) — £k- This may be written as 

o N + 2 _4_ 

dtw -Aw = j;^^Wn-2w + R{hk + w) - R{hk) - £k- 

Thus the existence of a solution of (jl.ip satisfying (j6.8p for t > tk may be written as the 
following fixed-point problem on w 

(6.10) Vt > tk, wit) = Mk{w)it) and \\w\U^t,+oc) < e^('^+^)^°*, where MkHi^) ■= 
'•+°° sin((t- s)^/^) 



Let us fix A; and tk. Consider 



N + 2 4 

—^W—^w{s) + R{hk{s) + ^x;(s)) - R{hk{s)) - £k{s) 



ds. 



:= \ we £{tk,+oo)] WwW^k := sup e(*^+2)^°*||it;||^(t , < oo \ 
B'^:={weEt Ihllej <1}. 



The space E^ is clearly a Banach space. In view of (j6.10p . it is sufficient to show that if tk and 
k are large enough, the mapping TW^ is a contraction on Bf. 
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Step 2. Contraction property. Note that by Strichartz inequahty on the free equation (Lemma 
12. Sp . there is a constant C* > such that if u;, tt; G Ef, k > 1, 



(6.11) ||A^fc(«^)||.(t,+oo) <C* 



2 W 



+ 



3.12) \\Mk{w) - Mk{w)\U^t,+oo) < C* 

+ 



N{t,+oo) 

Dl/^R{hk + w)-R{hk)) 



N(t,+oo) 



+oo) 



N(t,+oo) 

Dl/^{R{hk + w)-R{hk + w)) 



N(t,+oo) 



Claim 6.3. There exists a constant > 0, depending only on k such that for all w,w ^ 
and t > t/s 

I ni/2c- II ^ n ^-{k+l)eot 



(6.13) 

(6.14) \\Dl/^R{hk + w)-R{hk + w))\\^^^^^^^^ S Ofce ^'-^'^ww - ww^,. 

Furthermore, there exists ko > such that for all k > ko and all w G 



(6.15) 



< 



-(A:+i)eoi| 



W\\ Tpk . 



Af(t,+oo) AC* 

Proof of Claim [67^ The proof is very close to jPMOTl Claim 6.4]. Estimate ()6.13p follows im- 
mediately from (j6.2p . and (16.14P follows immediately from Corollary 15.21 

Let us show (j6.15p . Let tq G (0, 1). By Lemma ISTTl there exists a constant C2 > such that 



W\\ 77fc. 



By Claim Ea 



\W\\ Tpk. 



I _ g-(fc+5)eo-ro 
2 ^ 

Chosing To and ko such that C2r(f = g^, and e"(''o+2)'^oTo < 1^ ([05]) for > /cq- □ 

Chose k>ko. By (feTTT) and Claim [631 we get, if g G 



ll-^fc(iy)ll<?(t,+oo) 



< 



-(fc+i)eoi 



-{A:+|)eoi| 



+ C*Cke 



-{k+l)eotk 



Chosing tk so large that C*Cke~^°^'' + C*Cfce~^^'^** < i, we get that for large k, Mkiw) is in 
Now, let w,w £ B^. Similarly, by (|6.12p and Claim [ 



Bl 



\\Mk{w) - Mk{w)\\E^^ < \\w - w\\eu + C*C7fce-'=o*'= 
which shows, chosing a larger tk if necessary, that A^a; is a contraction of B^. 
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Thus, for each k > ko, (jl.ip has an unique solution f/" satisfying (j6.8p for t > t^- The 
preceding proof clearly remains valid taking a larger t^, so that the uniqueness still holds in the 
class of solutions of (jl.ip satisfying (j6.8p for t > t^, where is any real number larger than t^. 
Using the uniqueness in the Cauchy problem (jl.ip . it is now straightforward to show that U"" 
does not depend on /c > /cq. 

It remains to show (|6.9p . Let /c > be a large integer and w E B^. By Strichartz inequality 
(|2.6p . and the definition of we have, for t > tk, 



\\VMkiw)m2 + \\dtMk{w)it)\\2 < 



dV^ { ^±|wiv^u, + R{hk + w)- R{hk) 



N{t,+oo) 



As a consequence of Claim [Ol and the fact that < 1, we get 

Applying the preceding inequality to the solution w = U°' — oi the fixed point w = Aik{w), 



we get directly (|6.9p . The proof of Proposition is complete. 



□ 



6.3. Conclusion of the proofs. At this levels, the proof are similar to the one of [DM07] . 

except for the blowing-up of which is proven in the next subsection. 

Proof of Theorem[l\ The function y is an eigenfunction for the first eigenvalue of L, thus it 
must have constant sign. Replacing y by —3^ if necessary, we may assume that 3^(2;) > for all 
X and thus 



(6.16) 
Let 



/ 



vy ■ vw > 0. 



u 



±1 



which yields two solutions of (jl.ip for large t > tQ. Then all the conditions of Theorem [T] are 
satisfied. Indeed, is globally defined gor t > to and by (j6.9p . {W^jdtW^) tends to (W,0) 
in X L"^, which yields (jl.7p . The energy condition (jl.6p then follows from the conservation 
of the energy. Furthermore, again by (j6.9p . 



|V?7"||| 



\VWg + 2ae-^o* j {VW ■ Vy + ©(e't'^o*) 
which shows, together with (j6.16p . that for large t > 0, 

\\vw+{t)\\2>o, ||viy^(0ll2 < 0. 



From Remark II. 3j this inequalities remain valids for every t in the intervals of existence of 
and W~. 

Finally T_(VF~) = — 00 by (jaj) in Proposition 12.81 and ||u||s{-oo,o) < 00 by (j3.2p in Proposition 
[Q . 

Except for the proof of the finite time blow-up of for negative time, which we postpone 
to Subsection 16. 4j the proof of Theorem [1] is complete. □ 



Proof of Theorem [H Let us first prove: 
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Lemma 6.4. If u is a solution of (jl.ip satisfying 

(6.17) \\V{uit)-W)\\2 + \\dtuit)\\2<Ce-^'^\ E{uo,ui) = E{W) 
then 

Corollary 6.5. For any a ^ 0, there exists G M such that 

(6.18) <^ 

\U'' = W-{t^Ta) if a<0. 

Proof of Lemma [gT^l - Let u = W + h he a solution of (jl.ip for t > to satisfying (j6.17p . Recall 
that h satisfies equation (jS.ip . 



Step 1. We show that there exists a E M such that 

(6.19) Vr/>0, \\V{h{t)-ae~^°'y)\\2 + \\dth{t) + aeQe~^'''y\\2 

+ ||M.)-ae--^3^||,(,^^^)<C,e-(2-^)-^ 

Indeed we will show 

(6.20) \\Vh{t)\\2 + \\dth\\2 < Ce-^«*, \\R{h{t))\\^ + \\Dl'\R{h))\y(^t,+oo) < Ce-^'^K 

N+2 ^ ' 

Assuming (|6.20p . we are in the setting of Proposition 15.71 with e = i?(/i), cq = eo and c\ = 2eo. 
The conclusion (j5.15p of the lemma would then yield (j6.19p . It remains to prove (j6.20p . 

By Corollaries 15. 21 and 15. 41 the bound on R{h) in (|6.2Up follows from the bound on ||V/i(t)||2 + 
||f^t^(i)||2, so that we only need to show this first bound. By Corollary 15.41 assumption (I6.17P 
implies \\Vh{t)\\2 + \\dthit)\\2 + \\h\\e^t,+oo) < Ce"^"*. By Corollary^ 

II + l|V(i?(/i))|U(t,+oo) < Ce-'^''. 

Thus we can apply Proposition 15.71 showing that 



^1 < C7(e-'=°* + e-i^°*). 

If §70 ^ eo the proof of (j6.20p is complete. If not, assumption (j6.17p on v holds with |7o instead 
of 7o, and an iteration argument yields (j6.20p . 

Step 2. Let us show 

(6.21) Vm>0, 3to>0, Vt > to, \\dt{u{t) - U''{t))\\^ + \\V {u - W^^^^^^^^ < 

By Step 1, (|6.2ip holds for m = |eo. Let us assume ()6.2ip holds for some m = mi > cq- We 
will show that it holds for m = nii + which will yield (j6.2ip by iteration and conclude the 
proof. 

Write h{t) := u{t) - W, h''{t) := U^it) - W (so that in particular u - = h - h"). Then 

d'fih - h") + L{h - h") = -R{h) + i?(/i'^). 

By induction hypothesis \\dt{h{t) - /i"(t))||2 + ||V(/i(t) - /i"(0)||2 + ||V(/i- /i") ||^^^ < e"*"!*. 
According to Corollary 15.21 

\\Dll\R{h) - Rm) ||^(^^^^) + \\Rm) - R{h^{t))\\^^ < Ce-(-^+'=°)*. 
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Then by Proposition 15.71 

which yields ()6.2ip with m = mi + By iteration, (I6.2ip holds for any m > 0. Taking 
m = (ko + l)eo (where fco is given by Proposition I6.2p . we get that for large t > 

By uniqueness in Proposition 16.21 we get as announced that u = W"" which concludes the proof 
of the lemma. □ 



Proof of Corollary \6.5l Let a 7^ and chose Tq such that \a\e '^"'^"^ = 1. By (j6.9p . 

(6.22) WdtiVit + Ta)-WT e-'°*3^) + ||V(?7'*(t + Ta)-WT e-"«*3^) < Ce-i""*. 

Furthermore, [/"(• + Tq) satisfies the assumptions of Lemma 16.41 which shows that there exists 
a' eR such that U^i- + To) = U"' . By (I632D . a' = 1 if a > and a' = -1 if a < 0, hence 

dSH]). □ 

Let us turn to the proof of Theorem[2l Point (jb]) is an immediate consequence of the variational 
characterization of W ( |Aub76j , [Tal76j ) . 

Let us show ((aj). Let w be a solution of (II. ip such that E(uo,ui) = E(W,0) and ||Vno||2 < 
||VV7||2. Assume that ||m||s(]r) = 00. Replacing if necessary u{t) by u{—t), we may assume that 
Il^ll5(o,+oo) = 00. Then (replacing u by —u if necessary). Proposition 13. II shows that there exist 
HO > 0, xo G M^, and c, C > such that \\dtu{t)\\2 + \\V{u{t) - W^o,xo)\\2 < Ce'^K This shows 
that u -1 -1 fullfills the assumptions of Lemma 16.41 with llVunlb < llVVFllo. Thus there 



exists a < such that u-i -1 . =11°". By Corollary 16.51 
which shows (jaj). 

The proof of (jcj) is similar. Indeed if n is a solution of (jl.ip defined on [0, +cxd) and such 
that E{uq,ui) = £'(W,0), ||V«o||2 > ||Viy||2 and uq G -L^, then by Proposition HTH \\u{t) - 
T^/io.^o lliji — Ce~^, which shows using Lemma 16.41 and the same argument as before that for 
some T G M, 

n{t) = W;^^,^{t + T). 

The proof of Theorem [2] is complete. □ 

6.4. Blow-up of . Li this section we prove that the function blows-up in finite negative 
time. 

We will argue by contradiction, assuming that is globally defined. As before, we will write 
d(t) := / |VTy+|^ - / |VTy|^ + / \dtW+\^. Let 99 E C^(M^), radial such that < ^{x) < 1, 
(p{x) = 1 if |x| < 1 and (p{x) = if |x| > 2. Let ^r{x) = ip(x/R). Consider 



VRit) := / (W+f^R. 
We start with some estimates on and y'^. 
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Step 1. Estimates for large positive t. Let us show that there exists i?0! *0! cq > such that for 
all R > Rq, 



(6.23) Vt > to, yUt) > 4 



N -1 
N-2 



I {dtW+) 



N-2 



N-2 



d{t). 



Ti if iV = 3 

(6.24) ^^^(to) < -2co, yR{to)<{ ClogR if iV = 4 

C if iV = 5 

By explicit computations and E{W~^ ,dtW~^) = i?(VF, 0), we have 

(6.25) y^(t) = 2 j W^dtW+^R, 



(6.26) 



v'kit) 



N-1 
N-2 



+ 



N-2 



\vw- 



+ j A^R {W+f + 2 j{l-^R)(^\VW+\^ -\W^ 



1 2* 



\VW\' 

\dtW- 



Replacing W by in the preceding expressions, we see that the corresponding yR must be 
constant, so that in particular, 

I A^R {Wf + 2j{l-^R) (|VTy|2 - \W\^*) = 0. 

By ()6.8p in Proposition l6.2l = VF+e~^"*3^+ri with ||Vri||2+||i9tri||2 < Ce^^^"*. Developping 
, we get, recalling that 3^ is in 5 and that fR{x) = 1 for \x\ < R, 



\dtW^ 



^VR {W-^y + 2j (l-ifR) (\vw+\- 

J \VW^{t)f - J |VVF|^ = 2e-"o*y" Wy + 0{e 



< c 



-eot 



R 



+ e 



-2eot 



Thus by (lOel) 

N - 1 



yUt) > 4 



A^-2 



N-2 



\VW^{t)\ 



\vw\ 



+ 



N-2 



-eot 



wy-c 



R 



+ e 



-2eot 



As / Wy > 0, we get dOSjl for R > Rq. 

Now, fixing R > Rq, we get, using that 2/^(t) tends to at infinity. 



+ 00 — 1 

yUt)dt < -4- 



to 



N-2 



\dtW-^{t)\'dt, 



to 



which yields the first assertion in (j6.24p . 

It remains to shows the second assertion in ()6.24p . Note that W ~ infinity, so that 



(6.27) 



lim yR{t) = / W^^R w <^ 



RiiN 


= 3 


log RiiN 


= 4 




= 5 
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Furthermore, < C\\dtW+\\2y^yR{t) < Ce"^" V^^jC^)' and thus 



Vydto) - lim Vimit) < C / e'^'^Ut < C, 



to 



which yields together with (j6.27p . the second assertion in (j6.24p . Step 1 is complete 

Step 2. Estimates for tQ — eqR < t < tQ. As a consequence of the preceding estimates, we show 
that there exists Co > such that for R> Rq and to — ^o-^ ^t<to, 

(6-28) y'kit) > 4^ / {dtW^ f + (/ l^^'l' - / l^^'O - i^' 

(6.29) y^(t) < -co, 
where sq := 

Estimate ()6.29p follows from (j6.28p by integration in time and the fact that ?/^(to) < — 2co 
for R large. Let us show ()6.28p . 
By (|6.26p . it is sufficient to show 

(6.30) / r{W+){t)dx < 

J\x\>R R 

where r(W+) is defined in K2E\\ . Writing W+ = W + ©(e"^"*), and using that W ; 

C ^ C 



1 



\VW\ K, |_^|jy_^ , as |x| — > +00, we get for large R 



JlN-2- 

6 

Hence by finite speed of propagation (Proposition 12.31 ([d|) ). and taking R large, 

C 



(6.31) \/t<to, / ^ r{W+)it)< 

J\x\>§+to-t ^ 

which yields (fOOl) . and thus (fOH]) . 

^tep 5. Differential inequalities. Let us show that there exists a constant C > such that 



(6.32) Vt G [to - y ^, ^oj , < -y'^t) < ^yi?,(to). 

By (lOiD . if = 4 or iV = 5, ^ as i? ^ oo and 2co < -y^(to). Thus (1632)1 gives 

an immediate contradiction in this cases. The remaining case = 3, which is the limit case in 
(|6.32p will be treated in Steps 4 and 5. 

By Step 2 and the fact that A^ > 3 we have, for to — EqR < t < to, 

(6.33) y'jiitf = 4 mW+dtW+^ 

Claim 6.6 (Differential inequality argument). Let T > and y G C^([0, T]). Assume 

VtG[0,r], y'(t) > Co > 0, y(t) > 



c 
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and for some Ci > 0, 
(6.34) 



VtG[0,T], y'{tf< 



N -2 



yit) 



'y"{t) + Y 



N -V 

Then there is a constant C > (depending only on N, cq and Ci, hut not on T, such that 



Vt G 



0, 



Proof. By (lOH . 



y\t) ^ N_-2 fy;^ ^ 



, Ty'{t)<Cy{Q). 

N-2 fy"{t) ^ Ci >| 



< 



y{t) - N-l\y'{t) Ty'{t) J ' N-l\ y'{t) Tcq J 
Then, integrating between s and t, < s < t < T, 



log 



y{t) 



< 



7 log — 

IV y 



y'{t) , Ci 



+ 



y'{s) Co 



y{s) - N 

Integrating with respect to t between s and T, we get 

1 



, i.e e ^=0 



a y'{s) 



y{s) 



JV-l 
N-2 



< 



y'{t) 



yit) 



N~l 
N-2 



.£1 y'{s) 



e "0 



N 

y{s)N-2 



r{T-s)<-{N-2) 



< 



yis) 



N-2 



which yields 
(6.35) 



Vs G [0, Tl 



y'js) 
yis) 



(T- s) < (iV-2)e-o < C. 



Integrating (j6.35p between and t G [O, ^] we get 



log(y(t)) < log(y(0)) + Clog 



T-t 



< log(y(0)) + Clog2, i.e. y{t) < Cy{0), 



which, gives together with (j6.35p . the announced result. 



□ 



By (|6.33p and the preceding claim on the function y = ynitQ — t), with R large, T = eqR and 
Ci = Coeo, we get (16321) . 

Step 4- Let us show that there exists a constant C > such that 

(6.36) Vi?>l, VtGM, |y^(t)| < Cd(t). 
Indeed 

(6.37) yUt)=8 j {dtW+)\R + 2 j (\;^W+\^ - \W+f - \dtW+\^) + j {W+f ^^r. 

Let us fix t G M. First assume that d(t) < 5q. Then by Lemma [3. 7^ there exists Aq, 2:0 such that 
\\V{W+{t) - T^Ao,xo)ll2 + \\dtW^{m2 < Cd{t). Noting that 

8 J idtWx,,,,)\R + 2 j (|VW^Ao,xol'-|^Ao,.ol') + I iWx„,,fA^R = 0, 
we get (j6.36p for d{t) < 6q by developping (|6.37p . 
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Now assume that d{t) > Sq. Thus ^ii^^^d(to) > ll^^lli- a consequence, 

By the energy equahty E{W-^,dtW+) = E{W,0), \\W+\\^ = 3||VH^+f + 3\\dtW+f + E{W,0). 
Thus there exists a constant C > such that 

d(to) >6o^ Cd{t) > \\VW+\\l + + \\dtW+\\l , 

which shows, together with (|6.37p . imphes estimate (|6.36|) in the case d(t) > 5q 

Step 5. End of the proof in the case N = 3. Let us first show 

/ + 00 
di{t)dt < oo. 
-oo 

Estimates ()6.24p and (|6.32p give a constant C, independant or R, such that < —y'j^{tQ — EqR) < 
C. Thus by (fOHj) and IKm . 

»+oo 



d{t)dt = / d(i) + / d(t) < / yUt) + p + / yUt) 

Jto-eoR Jto Jto-eoR \ Jto 

r+co 

Ceo + / yUt)dt = Ceo - v'r {to - soR) < C. 

J tn—enR 



to—£oR 

< 



'to-eoR 

Letting R tends to cxd we get (|6.38p . 

Let M > 1. Let t e [to - M, to]. By (lOHD . for R > Ro, y'^{t) > 4d(t) - ^. Taking Rm > 1 
so that mmtQ-M<t<to d(^) ^ S^t that y'jij^^it) > 2d{t) foi to — M < t < to and thus, in 

view of (inSSD, 

(6.39) yt>to-M, y'^Jt)>2dit). 

By (|6.38p . there exists a sequence t„ —oo such that d(t„) — > 0. As a consequence, y'^{tn) — > 0. 
We have = - //^°"*^ yR{t)dt - ft^^M which yields by (lOGj) and (|09]) 

~oo fto-M 



/ d{t)dt<C d{t)dt + -\y'R{tn) 

Jtn-M Jtr,. ^ 



Ito-M 

Letting n tends to infinity, we obtain 

VA/ » 1, / d{t)dt <C d{t)dt. 

Jto—M J —oo 

Note that by (|6.38p . both integrals in the preceding inequality are finite. Letting M tends to 
+(X), we get d{t)dt = 0. This shows that d{t) = for all t, which is a contradiction. □ 

Appendix A. Estimates on the modulation parameters 

In this appendix we prove Lemma 13.71 Proof of (j3.19p . In the proof of estimate (|3.19p . t is 
just a parameter that we will systematically omit. 

Developping the equality E{{1 + a)W + f,dtu) = E(W,0), we get, with ([333]) . 

(A.l) Q{aW + 7) + ^Wdtug = 0{\\V{aW + /)||^). 
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~ . N+2 

By the orthogonality of / with W in H , and the equation /SW + VF^-^ = we have 

Thus W and / are Q-orthogonal and Q{aW + f) = -a'^\Q{W)\ + Q(7). Hence 

(A.2) - a'\Q{W)\ + g(7) + i||atn||i = 0(||V(aM^ + f)\\l). 

Now 

(A.3) ||V(aT^ + 7)||i = a2||VVF||2 + ||v7|i. 

If 60 is small, so is ||V(a;W^ + /)||l2, so that by (|A.2p and Claim [3?5t there exists c > such that 
> c(||v7||i + ll^tulli). Thus by (jAU), 11 V(aiy + 7) 11? ~ a^. Using again (jA^, we get 



«'«l|v/i + ||aHli. 

We have 

||Vn||| - \\VW\\l = \\V{W + aW + 7)111 - l|VTy||i = (2q + a2)||VVF||| + ||v7||2 ~ 
which concludes the proof of (j3.19p . 
Proof of (ICTD . Let v{t) := n^,x(i)- Then 
(A.4) u = //— 

Differentiating ()A.4p . and writing y = fi{x — X(t)), we get 

dtu{t, x)=(^^- ?j ^u{t, x) + fi^ [fi'{x - X{t)) ■ Vyv{t, y) - fiX' ■ Vv{t, y) + dtv{t, y)] . 
Recall that v = W + aW + /. Multiplying the preceding equation by /i 2 , we obtain 
w{t, y) := -^dtu{t, -+X) 

= (^^) ^(VF + aW^ + 7) + ^yV^(H^ + aW^+7)-^'-Vy(VF+a^ + 7) + ^^(aW^ + 7)- 
Hence 



w = -^W - yx'{t)Wj + -W + (R) 
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Hence (using the orthogonality in of W, W, Wi,. . . ,Wn) 



(A.5) 



Let 



wAW 



wAW 



a 



\VW\\l+ {R)AW 



j^\\VW\\i + / {R)AW 



J wAWj = -x'j{t)\\VWj\\l + j {R)AWj, 3 = 1... N. 



di(t) :=d(t) + 



+ 



+ \x'{t)\ . 



{R)AW 



+ 



{R)AWj 



Then, noting that for all t, dtf{t) G and using estimate ()3.19p . we have 

r ~ ^ 

{R)A{-iW) + {R)AW 

i=i 

Summing up estimates (lA.SP and using that ||u)(t)||2 = ||9in(t)||2 < cl(i), we get 

di{t)<dl{t)+d{t) 

which yields p.20p for small d(t). 

Appendix B. Some technical estimates 



< CAl{t). 



□ 



In this appendix we proof Lemma |5. 11 

We will need the following version of Holder estimate for fractional Sobolev spaces 



Claim B.l. Let p,p2,P3,PA S (l,oo), pi G (l,oo], such that ^ + ^ = ^, and ^ + 

(a) \\D'J\fg)l < WfWjD'J'gll^ + \\dI/' f\\Jg\\^^. 

(b) Let F G C\R) such that F{0) = 0. Then 

\\Dl/'F{f)\l<\\F'{f)\\jDl/y\l^ 

(c) Let m G N* and ri,r2,r3 G (l,oo) such that ^ + ^ + = 1. Then 



1 I 1 _ 1 



P4 



\Dl/\f"'-g'n\l<{\\f 

+ (11/ 



2m-l II 

llpi 

2m-2 



+ \\9' 

+ \\9 



,2m~l II 

llpi 

2m-2 



\Dl/'{f-g)\ 



P2 



iri 



iri 



\Dl/'f\l^ + \\Dl/^g\ 



r2 



Points ((aj) and Jb]) follows from jKPV93l Theorems A.7, A.8, A.9 and A.12]. Point ((cj) is a 
consequence of (jaj). 

Proof of ([O]) . 

By Claim IB. II (jaj) , we have 



(B.l) U(t)Vl/iV32 



2(iV+l) 
JV+3 



< c 



2(iV+l) 
JV-1 



■{4^ JV-2 



JV+ 
2 



^ + ||n(t)|| 2(iv+i) 



4 

■ JV-2 



2(iV+l) 
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Furthermore, is a function on such that ^ l/kr, D^, {W^^ 

4 iV+1 -, 2(iV+l) 

Hence W '^-^ belongs to L 2 n ' s . As a consequence we can rewrite (jB.ip as 
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l/\x\^. 



Dl" Ut)W 



4 

JV-2 



2(iV+l) 
JV+3 



< c 



Dl'Mt) 



2(iV+l) 
iV-1 



+ 



u{t) 



2(JV+1) / ' 
JV-2 



which gives (j5.2p . using Holder inequality in time. 

We will skip the proof of ()5.3p which is a direct consequence of Holder inequality. 



Proof of ([521). 

Fixing t, we will show 



(B.2) 



\Dll\R{u) - R{v))\Uj^ < \\Dl/\u - v)\\,j^ 



JV+3 



+ \\U — V\\ 2{N+1) 
JV-2 



\u\ + \v\ 



2(JV+1) 
JV-2 



+ 



\u\ + \v\ 



4 

JV-2 
2(JV+1) 



\u\ + \v\ 



2(JV+1) 
JV-2 



+ 



\u\ + m 



4 

JV-2 

2(JV+1) 
JV-2 



2(JV+1) 
JV-1 



+ 



JV-2 



4 

JV-2 



2(JV+1) 
JV-1 



JV+2 



Holder inequality in time will yield the desired result. We have R{u) = W^-^ J (W ^u) , where 
J(s) = |l + s|^(l + s)-l 



N-2 



s, J'{s) = + s\^ - Hence 



Af-2- 



(B.3) R{u) - R{v) = ^T^iu -v) [\W + v + {u- v)e\^ - dO , 



N-2 



I(u,v) 



Hence, by Claim [B?T] (jaj). 



Dll\R{u)-R{v)) 



2(jv+i) ^ ||-D.y^(n-^;)|| 2(jv+i) \\l{u, v)\\ jv+i 2(jv+i) WPy^Iju, v)\\ 2(jv+i) . 



JV+3 



In view of the integral expression of I{u,v), (IB.2j) will follow from the estimates 



(B.4) 
(B.5) 



< \\h\\ 2(jv+i) + \\h\ 



\W + h\^ - W^ 

4 

"> ll/lll 2(JV+i) + ?jiv4-n + ll^y^/i 



JV-2 

njv+ 

JV-2 



4 

JV~2 



2(JV+1) 



2(JV+1) -t- ll'tll 2(JV+1) "I" W'-'x "-||2(JV+1) + ii^a; 
JV-2 

4 4 



r)i/2, II JV-2 

-^•^ 2(JV+1) 
JV-1 



Let us first show p.4p . By the pointwise bound \W ^h\^-'^ -W\ ^ W ^-^Ih] + \h\ ^-2 ^ 
and Holder inequality 



\W + h\^ - W 



4 

JV-2 



■ I 6-JV , 
< WjV-2 
JV+1 ~ II I 
2 



2(JV+1) \\h\\ 2(JV+1) + \\h\ 
6-JV JV-2 



4 

I JV-2 
I 2(JV+1) ■ 
JV-2 
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II s-iv II 

Noting that l^'v-a 2(n+i) 

6-JV 



6-iV 

r II 2(iv+i) 

JV-2 



< cxD, we get ()B.4p . It remains to show (jB.Sp . We will 



distinguish two cases. 
First case: N = 3orN = A. Then ^ G {2,4}. By ClaimEU ((cj) 



4 

JV-2 



2(JV+1) 



< 



{W + h)~ 
+ 



2(JV+1) 
6-JV 



+ 



6-JV 
flN-2 



8-2JV 



2(JV+1) 
8-2JV 



+ 



2(JV+1) 
6-JV 

8-2JV 

h N-2 



DV^h 



2(JV+1) 
JV-1 



2(JV+1) 
8-2JV 



Dl'\W + h) 



2(JV+1) 
JV-1 



+ 



DV^h 



2(JV+1) 



JV-1 



2(JV+1) ' 
JV-2 



Hence 

dI'^ {{W + h)T^ - W 



4 

JV-2 



< 1 + 
2(JV+1) ~ ' 

5 



1 + 



2(JV+1) 
JV-2 



6-JV 
JV-2 



< 



2(JV+1) 
JV-2 



+ 



2(JV+1) 
JV-2 
4 

JV-2 
2(JV+1) 



1 + 



DV^h 



2(JV+1) 
JV-1 



2(JV+1) 
JV-1 



+ 



JV-2 
4 



2(JV+1) 



+ 



JV-1 



h 



2(JV+1) 
JV-2 
4 

JV-2 



2(JV+1) ' 



JV-1 



by the convexity inequality AB < ^^^e-jv ^ K-ABn-i . This yields (jB.Sp . and concludes the 
proof of ([R2]) (thus of ([531)) when iV = 3 or iV = 4. 



Second case: N = 5. 

In this case, we must bound 

,1/2 



by sum of powers of 



and 



\\Di,' hWs. Note that Claim ET] (jcj) is no longer available. We have 
(B.6) \W + h\^/^-W^/^ = W^/^F{W-^h) + \h\^/\ F{s) = \1 + s\^/^ - 1 - \s\^/\ 
By Claim EH © 



(B.7) Dl/'\h\'/' < |/i|V3 Dl'^h 



12 



< 



1/3 
4 



< 



4/3 



+ 



4/3 
3 



by the convexity inequality AB < j^A^/^ + ^i?^. 

Note that F is and that F' is bounded. In order to apply Claim El] Jb]) to W^I^FiW^'^h) 
we will need a dyadic decomposition of M^. Let ip G C°°(M^) such that ^{x) = 1 if |x| < 1 
and (p[x) = if > 2. Define iIj{x) := ip{x/2) — ip{x), so that suppV' C {1 < |x| < 4}. Let 
ipkix) '■= (p{x/2^~^) for A; > 1 and V'o(^) •= ^i^)- Then 



suppV'fc C 



< r < 

2k-i — II — 2^+1 



^ 1 , ^ > 1, supp^/^o C {|x| < 2}; 

k>0 



k(x) = 1. 
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Choose also V' G Co°(M^) such that suppip C {1/2 < |2;| < 8} and ipix) = 1 on {2 < \x\ < 4}. 
Let t/Jkix) '■= ip{x/2^~^) for k > 1 and ipo{x) := ip{x/2). Then 



1 , , 1 

< x < 



2k+2 



, k > 1, suppV'o C {|x| < 4}; X G supp^/^^ =^ i^k{x) = 1. 



suppV'fc C 
We have 

(B.8) W^'^F{W-^h) = il:kW^'^F{W-^h) = ^ i)kW^'^F {w-^i)k{x)hj . 

k>0 k>0 

We leave the proof of the following estimates which follow from the explicit expression of W and 
scaling arguments to the reader. 

Claim B.2. For all p £ [1, oo] and for all k > 0, 



i^kW 



-1 



< 2(3+5/p)fc 



< 2{5/2+5/p)fc_ 



By Claim El] (jaj), 
(B.9) Dl/^i^kW^/^FiW-'i^kh)) 



< 



Note that < so that, in view of Claim |B?2| 



< 2^''\\h\ 



Thus by Claim [B?2] again. 



(B.IO) 



< 2(-9/2+5/6+3)A: ^ 2"i^||/l|| 



Furthermore, F' being bounded, by Claim [BTT] (j bj). then (jaj) 



< 



12 



+ 



Thus by Claim El 

(B.ll) ||V'fcVr4/'||^J|l)y'(F(W-iV^fc/i))|| <2(-4+5/i2)fc (^2(3+5/i2)fc||/j||^ + 23fc||l)y2;,|| 

< 2-^'^||/l||4 + 2-^^||Dy2;^||3. 

By (ira . (IBTO]) and (fBTTI) . 

(B.12) 1)1/2 (|y4/3^(VF-l/^)) <^ 11^1/2(^,^4/3^(^-1^^;^)) < 1 1 1 4 + 1 1 ^^'^1 1 3 ' 



A:>0 



In view of (IRBI) . we get, by ([BTl) and (iBl^ 

Dy2(|H. + /.|4/3_^4/3) <||/.||f + ||Z)y2;,||J/3 + ||;,||^+||^l/2;,| 



12 

5 
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This yields (jB.Sp . concluding the proof of (j5.4p in the case N = 5. □ 



Appendix C. Derivative of 

Claim C.l. Let u be a solution of (jl.ip such that E{uq,ui) = E{W,0) and gn he defined by 
(|3.7p . There exist C°° real-valued functions on M^, a'Jj , b]^, 6^, b^, supported in {\x\ > R}, 
bounded independently of R and such that 

9'Rit) = j^ I \dtu?dx-j^l^j \VWfdx- I \Vn\^dx^+An{u,dtu). 



where 



(C.l) Aii{u,dtu) ■.= ^ J a^j^djudkudx + j b\{dtu) 



jk 

Proof. 



^ + b%u'^* + -^b^u'^dx. 



(C.2) ^ J ijjR ■ Vudtudx = J ^pR ■ Vu (^Au + \u\^^u^ dx + J ipR-Vdtudtudx. 

Furthermore, denoting by il^Rj, j = 1 . . . N, the coordinates of TpR, 
ipR ■ Vu{Au)dx = '^^ J ipRjdjudludx 



j,k j,k 
jy^k j^k 



Note that if |x| < R, ^^{x) = 1 and ^(x) = (j / A;). Thus 

/tpR ■ 'Vu{Au)dx = — - — / |Vu|^(ix + y^ f ciRjkdjudkudx, 
~t J\A>R 

where the (XRjk are bounded independently of R, C°°, and supported in |x| > R. By similar 
integration by parts on the other terms of ()C.2p . we get 

d f N — 2 f N — 2 f * N f ~ 
(C.3) — / il)R{x)-Vudtu = — ^ — / \Vu\^dx ^ — / \u\^ ^^~y {dtufdx+AR{u,dtu), 

where Ar{u, dtu) is a sum of integrals of the desired form (jC.ip . 
Furthermore, 

— 2 — di / V'iJ^c^t^ "2; = — - — / ipR{dtu) + ipRU [Au + \u\'^-2uj dx 

Noting that for |x| < R, ipR = 1 and AipR = 0, and that if |x| > 2R, AipR = 0, we get 
(C.4) ^^^^ / ^Rudtudx = j -\Vu\'^ + \uf + {dtufdx + AR{u,dtu), 

where AR{u,dtu) is again of the form ()C.ip . 



DYNAMIC FOR ENERGY CRITICAL WAVE 



47 



Summing up (|C.3P and ()C.4p . we obtain 

9i?,(*) = -^ j iVupdx + i j \ufdx-^ j{dtufdx + AR{u,dtu), 

where Aji is defined by ()C.ip for some functions a-j^, 6^, b^. To conclude the proof, note 
that E{u, dtu) = E{W, 0) implies 

- [ \uf = [ \Vu\^dx+ , / {dtufdx--^E{W,0), 

27 ' ' 2{N-2) J ' ' 2{N-2) J ^ ^ N-2 ^ ' " 

and recall that E{W,0) = jf\\VW\\l, which gives (Ia2|) . □ 
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